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ABSTRACT

In this report electrical methods of determining soil
moisture content are explored., Since the magnetic permeability
and electricél conductivity of soils are known to be unreliable
indicateors of soil moisture content; the report focuses on the
electrical permittivity of soils. The first‘part of the report
gives an assessment of permittivity as an indicator of soil
moisture content, based on experihentai'studies performed by the
authors. The conclusion is thattheeeleétrical permittivity of
soils is a useful indicator of aviilable soil moisture content.

In the second part of the report, two methods of determining
the permittivity profile in soils are examined in light of the
findings in Part I of this report. A method due to Beché} is
found to be inapplicable to this situation. A method of Slichter,
however, appears to be feasible. The resuits of Slichter's
method are‘extended to the proposal of an instrument design that
cbuld measure available soil moiéture‘profile -{percent available
soil moisture as a function of depth) from a surface measurement
to an expected resolution of 10 to 20 Cm., Extension of the results

to the airborne remote sensing problel is considered.
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INTRODUCTION

In the field of‘agronomy, many scientific investi-
gations, as well as field applications, make use of so0il
ﬁoisture content data. Soil moisture is also an important
variable in water resources management. Unfortunately,
however, soil moisture content is not easy to measure in
the field. The commonly uséd methods (gravimetric, con-
ductivity, neutron thermalization, gamma ray attenuation)
all have important disadvantages. Thus, there is a need
for‘a better technigue which can be used in remote'sensing
applications to field work. The method should have better
accuracy than the conductivity technigue, greater speed

than the gravimetric method, and better portability and

'safety than the radiation techniques.

Ideally, the method should permit the determination of
the availéble (for plant growth) scil moisture profile (i.e.,
% available moisture as a function of depth). Electrical
methods of measuring soil moisture apbear to be able to sat-
isfy‘these needs (32). Three properties of matter can be
measured by electrical metheds: magnetic permeability, con-
ductivity, and electrical permittivity. Except under un-

usual circumstances, the permeability of soil is very close



to its value in free spacé, w, (1), Thé conductivity of
soil is notla reliable indicator of moisture content be-
cause of the large influence of ions in the soil. Mea-
suring the conductivity of porous biocks buried in the
soil overcomes this difficulty, but leads to inconvenience
and inaccuracy. 'Only permittivity remains. It is plaus-
ible that permittifity could be a reliable indication of
80il moisture, since the dielectric constant‘(relative per-
mittivity) of‘sciy‘is around five while water has a relative
permittivity of eighty.

'Furthermore, the electrical permittivity method of
sbil moisture measurement discussed herein has three im-
_portant. advantages. First, it is well suited to remote
Qensing, which is important from the-standpoints of economy

of time and financial resources required. Second, it has the

capability of measuring the moisture coritent as a function

of depth below the surface of the earth, to a depth of the

order of a meter. Third, it is not affected by irregularities

in the flatness vathe soil, of the order of a few centimeters
within a radius of a meter, or so.

It is possible, of course, to determine the amount of
moisture at various depths in fhe soil (i.e., the mﬁisture
profile) by augéring'a hole and lowering some sort of probe
into the soil. ‘Another technique is to remove a core of.the
spil ahd to‘measure the so0il moisture directly. Both of these
methods are very time consuminé. The proposed electrical

permittivity method would,npt disturb the soil in any way since




the electromagnetic waves to be used (at a frequency of about
300 megahertz (MHz) or a free-space wavelength of one meter)
can penetrate most soils to a depth of about a meter and al-
so determine the available soil moisture profile with a def-
inition in soil depth of the drder of ten centimetefs, or so.
Active and passive radar methods are under consideration
by other organiza;ions. These normally involve airborne in-
struments operating at frequencies ranging from a few giga-
hertz (GHz) to perhaps 25 GHz (33). 1In general, these methods
(operating at wavelengths from about 1 to 10 centimeters) are
handicapped by the existence:of earth surface roughnesses of
the order of a few millimeters and by the fact that, at these
high fregquencies, the waves’penetratelthe earth no more than a
few centimeters, at the most, depending upon the conditions
(moisture content and free ion content) of the soil. Further-
more, they give a measure of the Egégi moisture content of the
soil, from the surface to their deepest point of penetration.
This is a serious limitation for several of the more important
applidations of the measurements. The use of lower fre-
guencies (longer wavelengths) is limited by the required in-
crease in size of the antennas to be carried by the aircraft.
The research involved in this present project naturally
divided itself into two parts. The first partlwas éoncerned
with determining accurate quantitative relations between soil
moisture and electrical permittivity for various common soils,
and the second part dealt with methods for determining the per-

- mittivity profile. The first part of this research has been
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rcombleted andithe results are contaiﬁea herein, ‘Thelinves-
tigaﬁiﬁn of thelsecond‘part seems to indicaee that thelmost
promising method for meeting the end reéuiremenks involves
the development of an electrical inetrument to be placed on
the surface of the earth {31). The meaéufements made by this
ipstrument on the scil moisture prefile could then be tele-
metered to some central point, if desired. As mentioned pre-
- viouely, it . is anticipated that the eleétricai measurements
would be made at a frequency of about 300 MHz (a free-space
wavelength of aﬁput one neter). |
Sinqe cqmpleting the portion of the project described
in the present report, an additional report (33) has been re-
ceived. - ft discusses many methods'foi measurihg the permit-
tivity of the earth, but none seems to be particularly ap-
plicahie to the‘pfesent need. It does contain, hoﬁever, an

Iexceilent list of references on the subject.
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PART I

The Relationship Between Soil

Moisture and Electrical Permittivity






CHAPTER 1

STATEMENT OF THE PROBLEM

In part one of this thesis, the relationship between the
electrical permittivity of soils and ‘the moisture content of

soils is explored,

Objectives of the Project

We‘wish to determine whether‘permittivity is a good indi-
cator of soil moisture content. .Certainly, moisturé cbntent in-
fluences soil permittivity. The fact that soil‘permittivity is
a fuﬁction of moisture content, however, is not sufficient to
conclude that permittivity is a good indicator of soil moisture.
It is necesséry to explore other factors which affect soil per-
mittivity and to assess their roles.

The objective of the study is to answer ;he guestion: Is
it possible to determine soil moisture content with acceptable

accuracy from knowledge of the permittivity alone?

Definitions

Since this report is an interdisciplinary inﬁestigation, it
may be helpful to all to clarify some unfamiliar terminology.

Soil Moisture Content is the amount of water in the soil,

generally expressed as a percentage,



Mass of Water in Soil x-lOO‘

-1 ' i =
1 . $ Moisture Content Mass of Dry 501l

Wilting Point Moisture is the soil moisture content at which

plants undergo permanent wilting. Practically speaking, it is
defined as the percentage moisture content corresponding to a
soil moisture tension of 15 bars. v

Field Capacity is thé s0il moisture content of soil which

has been thoroughly wetted, but all the moisture that can drain -
off due to gravity has done'so.' This generally correspeonds to a
soil moisture tension of one-third bar.

Available Water is the amount of water between the wilting

point and field capacity. For a given meisture content, the
percentage of available moisture is (Percentage Moisture - Per-
centage Moisture at Wilting Point)..

Soil Moisture Tension is the force per unit area which binds

the‘water'tofthe soil. 'This is measured by the fsuction"
(presSure difference) required to extract‘moisture from the éoil.
The usual technique for 6btaining a certain moisture tension is
to plaée a soil saméle next to a porous membrane in a pressure
.vessel.and applyvair,pfessure to the inside of the vessel. The
preséure differeﬁtial removes any moisture held by the soil par-
ticles at lessrteﬁsion than the applied pressure.

Permittivity (e) is an electrical property of materials de-

fined by Coulomb's Law. Rationalized MKS units are used for all
physical quantities.
1-2 . . F=q1q2/4we:2

where F is the force between two charges,
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d, and‘q2 are the magnitudes of the two charges,
r is the distance between the‘two chargés,'and
€ is the permittivity.
E can be expressed as €0y where €o is the permittivity of a

vacuum in C?/N-m?. e, is referred to as the relative per-

mittivity, or dielectric constant.

Dielectric Constant is defined to be the relative permitti-

vity.

Permeability (y) is the ratio of magnetic induction to

magnetic field strength (for linear materials). In vacuum, the

permeability is defined to be 47 x 10 henry/meter. In this
thesis, it is assumed that the permeability is equél to the
vacuum value. This is almost exactly true, except for ferrous
materials, whicﬁ do not occur in the present work.

Conductivity (o) is ‘the ratio of volume current density to

electric field strength. Conductivify can be calculated quite

easily from resistance measurements.

Some Factors Which May.Affect the Permittivity of Soil

Many factors influence the permittivity of soil. Some of
the most impcrtant ones are introduced below.

Soil Types. Soils are composed of many different types of

materials whose dielectric constants may differ considerably.
FYurthermore, soil and wgter interacﬁ. It is by no means incon-
ceivable that different types of soilrmay interact differently,
so that the permittivity of the mixture may differ significantly
among different soils.

Soil Condition. It is possible that the physical condition




of the soil may affect its dielectric properties. Compaction is
probably the most important factor. A rather highly compacted
soil has less airspace than a less compacted one. This might

have some fundamental effect on the permittivity of the mixture.

" In addition, compaction may have some other consegquences. . For

example, suppose permittivity were proportional to the number of
water molecules within a Saﬁple holdér.‘ If two samﬁles had the

same percentaée moisture contént, a more compacted sample would

have more molecules of‘wa;gr and, thqrefo:e,-have a higher‘die-

lectric constant.

Ion Concentration: The ion concentration in soils has a

very strong‘effect'on the electrical conductivity of soils, but
it is not apparent that ion concentration will influence permitti-
vity. If ion concentratiﬁn is an important factof, this fact
could have serious consequences.t Ion concentration varies from
placé to place and time to time. Irrigation practices and fer-
tilization‘alter ion concentration.

Time. A number of references have béen found in the litera-
ture to the variation of measured pefmittivity with‘time. var-
ious materials were ihvélved; including vanadium oxide. No ex- -
planétions were given except that the investigators felt that

these observations were not artifacts.

Temperature. Temperature affects the permittivity of most

subsfances; It is known that the'permittivity of water decreases
with increasing temperature.

Frequency. The permittivity of any material is a function of
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the frequency of the electromagnetic fields used in the measure-
ment. A material whose permittivity does not change over a
certain range of frequency is said to be nondispersive in that

range.
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CHAPTER 2

LITERATURE REVIEW

For several decades dielectric methods of determining
soil moisture content have attracted considerable attention.
The first section of this chapter will review Some of the
papers in this area, while thé second seétionxwill deal with

specific aspects of soil moisture interaction.

Determination of Soil Moisture

Using Dielectric Methods

The earliest article to be surveyed is "A Review of Re-
sults of Dielectric Methods for Measuring Moisture Present in
Materials” by N.E. Edlefsen (2). He discﬁssed a number of
moisture meters, mainly for food products. However, he did
discuss three investigations devoted to soil moisture measure-
ment, the investigators cited being W.L..Balls {(3,4), G.H.
Cashen (5), aﬂd the author himself; Balls reported a linear
relationship between capacitance and moisture for all mois-
ture contents except very low ones, using buried electrodes.

Cashen used a different type of condenser and obtained ir-
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regularly shaped curves which were difficult'to explain in
terms of soil moisture. Edlefsen also foend a linear re-~
letiohship between capacitance and water content, although
he did ﬁention difficulties in ottaining uniform compaction.
He alsc‘reported successful field tests. Edlefsen continucd
his research, and in 1934 reported the develcpment-of "A New
Capillary Potentiometer" (6).

During the 1930's several investigators worgea with di-
electric properties,-notably Anderson, Shaw and lMuckenhirn,
Aleksandrov, Bannerjee and Joshi, apd Yevstigneyer. Refer-
ences to most of these can be found:in Fletcher (7). Iﬁ 1939,
Fletcher qulished the results of his research. He built
probes of plaster'of‘Paris between metel electrodes, and his
laboretory‘results-were encouraging. Not odly wes he able to .
obtain a useful relationshiﬁ‘between soil moisture and measured
dielectric conetant,‘but;he was elsc able to show that between
0.1 and 20 grams of NaCl per 100 cc of water ‘had no effect on
his readings. - | |

The next study was that of Anderson and Edlefsen (8) who
worked with an apparatus similar to Fletcher s. The invest-
igation was deSigned to answer three basic questions:

{l) Are the resultg obtained by dielectric methods re-

producible?

(2)- How much time ﬁust be alloﬁed for the block to come

to'moisture-equilibriuh?

(3) What is the effect of plate separation? If electrode

separation is critical, the expense of manufacturing

moisture meters would be greater.
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They found that' the results were reproducible, the time
lag was small if the probe was located near rapidly transpiring
roots, and "no outstanding differences for electrode separations
of 4 cm and 2 cm".

Anderson gives the eguation, C = COD' which means that the
capacitance of any capacitor is equal to its capacitance when
filled with air multiplied by the dielectric constant of the
material used to fill it. In the case of Anderson's sémple
holder, C0 was no more than 0.0001 ﬁF; the smallest value
measured, aﬁd C = 0.1 pF, the largest. Then D = C/C0 = 1000.
Soils have a dielectric constant of around five while water
has a relative permittivity of about eighty. So a simple mixing
rule cannot account for this. Anderson provides a clue to the
explanation when he states that changing the electrode separa-
tion by a factor of two had little effect on his readings,
which suggests that most of Anderson's observations were due
to something going on at the surface of the elect;odé.

Actually, this should not have been surprising. Anderson's
collaborator, Edlefsen, reviewed an article by G.H. Cashen.

The second point in Cashen's summary is:
The results (of capacitance measurements) de-
pend on the electrodes used. With mercury, all
s0ils give curves of the same general type for
the variation of the capacity with moisture, be-
cause the capacity effects associated with the
soil-electrode interface are large compared to
those due to the soil. . . The results ob-
tained with carbon electrodes, though depending
on the texture of the soil, generally confirm
the., . .({results}). . . with mercury electrodes.

‘ Apparently, Edlefsen did not fully appreciate the significance

of Cashen's conciusions.
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Soon  after Anderson's article appeared, however, E.C.
Childs (9) pdintéd out some of these prbblems and stressed
the effects of leaky dielectrics in capqcit@rs. Childs as-
sumed some reasonable.values of parameters of the model and
showed that Anderson's results could be explained in this way. .

" In 1945;‘E;F. Wailihan {10) of Cornell University re-
ported on his. work. He also use& élaster of Paris between
insulated‘electrodes. To hegin, he noted thét.field tests
of Fleﬁqher's soii moisture probe were disappqinting. Wal-
lihan offered three factors which he feit were important and
not‘given'sufficient attention in earlier Qork:

(l) The use of medium having fixed pdrosity as the

" material between thé elecfrodes, _ ,

.(2).'The relativé merits of insulated and uninsulated.

- ‘electrodes, |

(3) Choice of frequéncy.

Wallihan reported only preliminary results and no subseguent
paper of his has been found.

In 1347, Thorne and‘Rﬁéséll (11) published their con-
clusions about dielectric methods of determining soil mois-
ture. They attempted to test Child's theory directly and
found thét 1t was confirmed, at least qualitatively. Thus the
apparent capaciténce is a function of gsample resistance among
other £hings; After publication of this article and subsequent

mention of it in Advances in Agronomy, few articles on di-

 electric methods appeared in soil science journals. It is worth

v
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noting that Thorne and Russell used electrodes which were

insulated with thick pieces of glasa.

Specific Aspects of Soil-Moisture Interaction

Soil Type

Many factors are involved in soil classification, but
the most important is texture, which is a term referring to
the size of particles. Table 1l-1 gives a quantitative
meaniné to common textural terms.

rReal soils, of course, are seldom so hcmogeneous as to
fit into only one of these categories, but most soils are
mixturés of these types. The "textural triangle" shows how
combinations of soil types are named (see Figure 1-1). To
determine the textural types, first prqject the silt content
pafallel to the clay side, then project the clay content
parallel to the sand side. The region where the lines inter-
sect is the texture type. For example, a soil composed of
25% clay, 35% silt, and 40% sand would be classed as a loam.
The dashed lines on Figure 1-1 show how to project these

various component values. The contour lines for constant silt

content are parallel to the clay axis, the contour lines for

constant clay content are parallel to the sand axis, and the

contour lines for constant sand content are pdrallel to the

silt axis. | |
How does particle size affect the permittivity of a soil-

moisture mixture? Water is bound onto surfaces by adsorption,
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Table 1-1. Definition of sqil texture.types.

U.SD.A. System | intemational System
porticle | 1 '  particle
size texture type fexture type . - size
range , S range
2-1- very coarse sand
| -5 coarﬁe sand | coorse sand - 2-.2
.5-.25 medium sand | | |
25-.1 | fine sand fine sand 2-02
: I—.05 very fine sand | |
05-002 |  silt | silt .02-.002
<.002 clay " clay <002
|miltimeters 1 | millimetersf |
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70 60 580 40 30
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Figure 1-1. Tgxtﬁral Triangle.
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and water that is "bound” has a lower dielectric constant

“than free water in the rénge of frequency of interest to us.

An example of this is the permittivity of ice, where each

_ molecule is bound to its neighbors. This makes it difficult

fdr the'diﬁblar water molecules te recrient themselves in
responée to an electric field. Sincelthe pérmi;tivity of
water depends largely on the moticn of dipoles; the permit~
tivity becomes very small at all freguencies except the
lowest. The behavior of adsorbed water on clafs is somewhat
similar;‘accordiné to Hoekstra (private communication). The
permittivity of free water; ice, and adsorbed water on clays
are illustrated in Figure 1-2. |

The amount of water adsorbed depends on the available
surface‘area. As particle size decreases, thevtotal surface
area of a given volume of soil increases dfamatically. It is

possible to calculate the surface area per cubic centimeter

for various size particles. This shows that surface area is

approximately proportional to 1/radius, wiﬁh a 0.0001-cm size
particle giving‘3l,550 cm2 per cubic centimeter. Actually,
this greatly underestimates the area available since the in-
s;des‘of the particles also open t6 admit water molecules (see
Figure 1l-3). So ¢lays have far more surface area than sands.
and therfore adsorb much more water. Hence, a larger percen-

ﬁage of the water contributes very little to the dielectric

constant, and one would. expect clays to have a smaller di-

" electric constant at a given moisture content than sands or

silts.
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Another problem arises from the fact that clays ad-'
sorb iong-as well as water onto their surfgces (see Fig-

ure 1l-4). This is becausé the clay particles have a struc-
tural negative chérge due to substitution of iower valence
ions (magnesiﬁm} etc.) for aluminﬁm in the crystal lattice
and also due to brokeq‘edges iﬂ‘the lattice. The cations
can move freely along the surface of the clay particle in
résponse to,fieldé. When a field is applied, therefore,

the clay pgrticle beéomes a large dipole (Figure 1-5).
Hence, clays have a higﬁ dielectric cons;ant at iow fre-
quencies (generally less than 104 Hz). Several investi-
gators have formalized this intuitive explanatiop. O'Konski
(12) introduced the notion of surface édmittan;e to quantify
the ability of fgns to move-in response tc an applied elec-
~tric field. Surface admittance is ﬁefely the ratio of the
éur;gnt on £he surface of a clay éarticle to the voltage
across the clay particle. Schwaﬁ (13), however, showed

thét this concept was not édequafe to explain experimental
results. Schﬁartz'(l4) extended O'Konski's concept to in-
clude compiex surface admittances which impiy some energy
storage. This improved model is subported by Schwan's ex-
perimentai results. By applying Schwartz's model’ﬁo clay
soils which have é lower limit (for pafticle size) of 0.2
micrometer, it can be shown that th;s phencmencn has a def-

inite effect at frequencies below about 10% Hz.
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Soil Condition and Time

M.L. Wiebe (15) of the Texas A & M Remote Sensing Cen-
ter has recentiy completed a program of measurements on
various- soils in Texaé at a fregquency of 10.625 GHz. His
results seem to indicate that variablestuch,as homo-
geneity,'compaction, and time have a significant influence
on the permittivity of soils. Table 1-2 illustrates the
significance of various effects., A few observations about
the factors charted in the table may serve to clarify the
information derived from Wiebe's graphs. Different com-
pactions were obtained using a controlled full-compacting’
hammer. Curing time is the amount of time that the socil was
allowed to stand in a sealed container. Only Tarrent
Stoney Clay is not homogeneous, and the table shows the
effect of sieving. Each entry in the table shows the
relative influence of the different variables; fhe entries
"can be considered as partial derivatives evaluated at the
midrange of moisture content. The table does show that
these variables do have a significant influence on the pef-
mittivity. |

Tc get a better idea of the implicafions of Table 1-2,
consider Table 1-3. This table is designed to show the
possible inaccuracies that could result from attempting to
infer moisture content from the permittivity of soil. Sup-
pose one measures the dielectric constant of soil whose.
moisture content, compaction, and curing timé are unknown.

What can be inferred about the moisture content? Table 1-3
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Tablé 1-3. The Possible Range of Moisture Content for %hich
€ is Constant, Provided Compaction and Curing Time
Can Vary Arbitrarily.

soil type : range of moisture
Tarrent Stoney Clay 10%
Gila Sandy Loam | 2%
Hoban Sandy Loam 5%
Amarillo Fine Sandy Loam | 1%
Abilene Clay Loam 5%
Houston' Black Clay ‘ . 10%
Miller Clay | 10%
" Lake Sand ‘ 2%

Note that this table can be interpreted as a worst case
error table. If more information were available, the
error could be reduced. This additional information
would invelve the compaction and the curing time (at
least, for laboratory samples). _Presumably, field sam-
ples are thoroughly cured. ‘
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shows that the moisture content could be any number with-
ih a range of moisturé conﬁents, depending on what the
compaction and curing time actually are. However, com-
paction and curing time are‘restriéted to éertain limits.
If 20 N/cmzrhhd 5 N/cm2 represent extremes in compaction
in normal soils and vafiations in curihg time are no
greate;‘than those considered here1(24 hoursf, it appears
:that these variables wiil cause considerable difficulty

only with clay secils, as indicated by Table 1l-3.
Ion Concentration

In a series of experiments, Mandel. and Jenérd (16)
showed that salt solutions of 0.02 molarity or 1essvdif-
fer negligibly from water in permittivity. Beyond 0.02 M,
the permittivity of the solution is about (80 - ld M),
where M is the molarity of the solution (17). What is the
'range of molarities in séii sclutions? Sea water is ap-
proximately a 0.16 Mvsblution. Clearly, the soil solution
lmust‘haveva_;ower molarity than-this in arable‘regions. A
0.16 M solution would have a dielectric constant only 2%
less thaﬁ that of distilled water. Therefore, it seems
reasonable to expéct that the presence of salt in soil
should‘have iittle effect on the permittivity. However,
one must be cautjous with this kind of analysis since soil
ﬁhysics is vefy complicated and other factors may be at work.

For this reason, it is important to .use ekperimental data to

Ot
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determine the role of various influences on the permit-

tivity of soil.
Temperature

As with ion concentration, the best available exper-
imental results deal with water, not soil and water.
Dorsey (18) gives the followiné eqhation for the depen-

dence of permittivity on the temperature of water,

‘ - T - 17 T - 172
1-3 € = 81.47 |1 - 4.696|]——J+ 10.2
10060 1000

where T is in degrees Celsius.
Frequency

The section on soil type included some information
about the frequency dependence of the dielectric constant

of clays. Recall that below 104 Hertz, the permittivity

of clays can be very large due to the large surface admit-

“tance of the clay particles.

As the frequency inc:eases above two GHz, the permit-

tivity of water declines. According to Eisenberg (19),

Figure 1-6 gives the frequency dependence of the dielectric

constant of water.
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Conclusions

The conclusions from both of the previous sections

are summarized below under their subheadings.

Determination of Soil Mcisture Using Dielectric Methods

’ From the experimenté of Anderson and Thorne and Russell
it seems very probable that electrode‘polarization is re-
sponsible for many of tpe observed effects. This implies
vthét resistance variations of the soil with water have a
strong influence on what is actually measured. This is a

~ serious limitation since resistance is a function of ion con-
CEntrationlas well as of water. The concenﬁration'of ions
can vary considerably, even in one location. Fertilizer
treatments,kfof example, can have a large effect on the
measured resistance of the soil.

Fletcherfclaimed‘thét salt had little effect on his re-
sults. However,-Fletcher useﬁ a plaster of Paris block be-
tween the electrodes. The pléster of Paris is soluble. 1In
f&ct, the block is so soluble thathit dominates the situation
and determines the ion concentration between the electrodes,
Therefore, Qariatioﬁs in salt content.have litfle effect.

- S§ince it is thé resistance, or something pfopdrtional to it,
that Fletcher's method measures, his method does not seem to
have any real advantage over resistance techniques.

In cohclusion, most of the investigators cited éither
failed to take electrode polarization into account or to elim-

’

inate its effects.
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Specific Aspects of Soil Moisture Interaction

The work ef Mandel and Jenard, and others, seem te
indicate that ion concentiation may not‘be an important
factor once ele:trode’polerizatioﬁ is eliminated.

According to the literature, soilltype should have
an influence on the permittivity. \For a given moieture
content, clays should have a lower permittivity.

The best frequency range in which to make measure-
ments is probably between 104 Hz ahd 109 Hz. Below this
‘range ‘clays can have a very high perm1tt1v1ty which is
not related to thelr moisture content. -Above this range
the dielectric constant of water begins to fall off. As
the permittivity of water decreases, the permittivity of-
the mixture is influenced more by the-p:operties of the
soil. At a few megaheﬁtz water has a dielectric constant
20 to 40 times larger than that of most 50115 whereas at
20 GHz the permittivity of water is only 5 to 10 times as
large as that of most soils. Hence the "noise" increases

considerably in this region,
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' CHAPTER 3
PRELIMINARY INVESTIGATION OF

THE PERMITTIVITY OF SOILS

Early in the course of this project, it was decided
to measure the permittivity of some soils‘to obtain data
not available in the litérature. The program of measure-
ments expiained a great deal about electrode polarization
and made possible the interpretation of many of the pré—

vious investigations.

Apparatus. and Measurement Procedure

A Wayne-Kerr B601 bridge together with its associated
detectors and oscillators was used in this investigation.
A circuit diagram is shown in Figure 1-7 and a bloék dia-
gram in Figu;e 1-8.

The operafion of the bridge was quite simple,consisfing
- of an initial balance with the sample disconnected and a
final balance with the sanmple in the circuit. The capaci-
tance and resistance of the unknown (containing the soil as
a dielectric) could be read directly from the balance knobs.

The soil was placed in a sample holder whose capacitance
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balance impedances

[—— : 1o
detector

J S |

1

M

[y

Jj S| '
sample holder

Figure 1-7. Circuit Diagram (0.02 - 2 MHz rangé)
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and resistaﬁée wére;measured by the bridge. The sample
holder underwent modification durihg the course of the in-
vestigation. In the'beginning brass was used but it tarn-
'ished rapidly. Then a niékel-plated‘holder was tried which
~also reactedvﬁi£h £he sémplé. The éample holder'illustratéd
’in Figure 1;9 was constructed of‘staénleﬁs steel., It segmed
to resist chemical réaction-and gave\results which agreed
with those obtained by using platinum electrodes. The
sample holder is a coéxial capacitor with guard rings whiéhh
serve to eliminate fringing of the electric field of the ca-
pacitor: In the absence of electrode polarization, the.per-
mittivity of the sample can 5e célculated by dividing the
measured capacitanée by the capacitance of the sample holder

when the soil is removed leaving air as the dielectric.

‘Preparation of Samples

In the beginning, preparing soil samples presented a
real problem...Samples‘with'uniform moisture content were
needed andi in addition; we wanted td be able to mix exactly
the desired moisture content. ﬂixing water and soil directly
does not giQe a uniform mixture. After much trial-and-error
the-following procedure was chosen. Soil was dried in an
oven and p;aced in a freezer after being weighed. Per-
Eentagé mqisﬁure‘contént is defined as (weight of water)/
(weight of dry soil) x 100. Using this definition, the amount

of water required was calculated then increased by 5% to cover
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_ Stainiess steel
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Figure 1-9. Soil Sample Holder (0.02 - 2 MHz range)
Center conductor is 19.05 enm long.
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‘losses, ihis percentage was determined by experience. The
water was measured with a syringe and élaced in five-cc
aluminum ioil containers.‘ The water was taken to the free-
zer and frozen. After several days, the ice wae crushed
and scrabed into a jar where it 'was thoroughly mixed with
the dry chilled soil. since the freezer‘was‘maintained at
=15° to -20°F, very little melting took place. The mixture
was then poured into the sample holder. This was removed
from the freezer and al;owed‘to come to equilibrium for 12

to 24 hours. ...

Results and Discussion

Tue data obtained in this investigation are tabulated
in Appeudix I. Some representative date are shown in Fig-
ures 1-190, 1—11,:aﬁa‘1-12. Several points are worth noting.
First, the capacitence is definitely a function of frequency.
Second, the velues one might infer for the'permittivity of
the scil-water mixture turn out to be considerably mcre than
eighty in a number of cases. .In addition, the addition of
.salt, even in small amounts, resulted in an increase in the
capacitance-of the sample. These ‘observations led to the con-
clusion that eleotrode'poletization was a significant factor
in the results. This point wili be covered in more detail
in the next‘cuapter. o

In this se:iee of measurements‘the valuee of oapacitance

occasionally varied with time. Repeated measurements on

----------
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the empty saﬁble holder and on commercial capacitors and
.resistors'proved to be completely repeatable and drift free.
Eventually it was'concluded that the time-varying values -
were partly due to chemical reactions at the elecﬁrodes

and partly due to something happening within the sample.

The observations are summarized below.

Observations

(1) on muck soils in a brass holder the capacitance
increésed with time, sometimes'by as much as 10% in the
course of an hour. Some corrosion of the electrode was
evident, but it was not possible to correlate the amount.
of corrosion with the time duration.

(2) A similar sampie holder was nickel plated.. The
capacitance of Bentonite sample 5 (Bentonite is a clay min-
eral) decreased about 10% in one hour. A green residue
was noted on the electrodes. (It may.havé been Ni(OH)2 or
some similar nickel compound. Many of them are green);

" In order to look ;nto this a little more deeply, two ident-
tical‘samplea of Bentonite wetted to the wilting point were
prepared and the.féllowing experimehts were performed.

Sample'l, ExperimentHl

Connect the sample holder to the bridge and balance
the bridge. Changing nothing else, simply re-
balance the bridge every five minuteé.

Sample 2, Experiment 2

Connect the sample holder to the bridge and balance
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the bridge. Rebalance the bridge every five
minutes but disconnect the power source from
the bridge between measurements,

Sample 1, Experiment 3

‘Sample 1 was allowed to sit for two hours fol-
lowing Experiment 1, Attach it to the bridge
and rebalance as often as possible.

Sample 2, Expgfiment 4

Attach Sample 2 to the bridge and balance the
- bridge. Rebalance the bridge every five minutes,
disconnecting the sample frém the bridge between
measurements.
The data obtained from the first three experimenis are shown
in Figure 1-13. 1In Experiment 4, the capacitanceivaried
little from measurement to measurement. A voltmeter showed
a very small voltage across the terminals of the sample holder.
(3) A stainless steel sample holder was ﬁade. The cap-
acitance of a Bentonite sample decreased 3% in an hour. No
corrosi&n at all was observed on the electrodes.
{4) The capacitaﬂce of silts and sands without much or-
gahic matter did not vary with time.
{5) The capacitance of Bentonite samples measﬁréd using
platinum electrodes decreased about 3% in an hou;.
Recall that in each case where the sample holdér had an
velectrical discharge path (through the bridge), the capacitance

values changed with the passage of time. This fact, together
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with the forming of a residue on the electrodes and the
existence of a voltage between the electrodes led to the
conclusion that electrochemical reactions at ﬁhe electrodes
were responsible for the observed time variation with brass
and nickel sample holders. Platinum, however, is reputedly
guite inert. Both platinum and stainless steel sample holders
gave the same time varying results when they were filled with
clays. These results were independent of connection with the
bridge. Possible explanations for this phenomenon will be
‘discussed in Chapter 6-

The next chapter deals with electrode polarization. An
undérstanding of this concept aided in interpreting the re-
sults of the preliminary invéstigation and the planning of sub-

sequent investigations.
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CHAPTER 4

ELECTRODE POLARIZATION

Introduction

Due to the work of many electrochemists, electrode
pblarization is ndw fairly well understood. Many details -
are not clear, however, énd scme concepts are controversial.
Basically, the explanation is as follows.

When an electrode is ihserted into a solution a potential
is set up between the electrode and some of the ions in the
solution. These ions are attracted to the electrode, but,
owing to thgir finite radius, can approach no closer than a
few angstroms. These ions, together with thercharge they in-
duce in the electrodes, constitute the “diffuse double layer."
Maxwell's laws can be applied to this system, takinq into |
account the facts that the charge is discretg, the ion layer
is diffuse, the dielectric constant of the solution varies, etc.
When all £he parameters are known or can be reliably estimated,
the analysis yields results that are in fair agreement with
experiment. This kind of agreement has been achieved only for

pure solutions where impurities are constantly removed via
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a mercury-drop electrode. The addition of just a little
impurity {(for exampie, a small émouht of gelatin (20))
changes things consi&er;bly. One of the best references
for the detailed theory of electrode polarization is Bock-

ris and Reddy (17).

A Model for Electrode Polarization

In view of the fact that this‘model is so difficult to

handle analytically and of dubious value for the kind of so-

‘lutions used in this work, a somewhat simpler model was de-

veioped, as discussed in the fo;lowing. Ions are the main
charge carriers in soil. Theée cannot penetrate the metal
electrode so theyvaccuﬁulate‘at the suffaée of the electrode.
There is also sdmé conducfahqé. The'model’for these effects.
is a capacitor in parallel with a resistor. So the Sample
holder containing soil is médelled By the ¢ircuit sﬁown in
Figure 1-14. The resistors and capacitors in this model are
not fixed-value lumped elements. For the moment, let us as-
sume that R, and C; are constants. -Iptﬁitiyel&, we expect
Cl ana hl to depend on frequency since these parameters de-»
pend on the motion of ions, which have considerable inertia.

Schwan (21} used the model shown in the lower half of Figure

1-15. ~Hé claimed that’the frequenéy dependencé is as shown

in the second pair of equations in Figure 1-15. The first
pair of equations relates the constants of the two circuits

of Figure 1-15. We can check Schwan's estimate of C, by

1
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-1 —
C Co
. 18 ¢—O.B
—HH R = cpeotior 703,
IJ?2 ) ’ -
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Figure 1-15. Schwan's Circuit Model of Filled Sample Holdér.
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Sheath Capacitance.
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ddqﬁ) Figure 1l-16. Calculation.of C. Electrode
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making an estimate of our own. C, of Figures 1-14 and 1-15
can be thought of as the capacitance of "a parallel-plate ca-
pacitor. One plate is the metal electrode while the other is

the ion sheath which go#eks the electrode. So C, = eA/d, A

1l
being the area of each plate. We will calculate the capaci-
tance on a unit area basis, thus A =1 cmz. The separation

distance is d. This is about twice the hydrated radius of

the ions, or about 8 angstroms. .. The dielectric is water, but

‘the water is bound, and this reduces its relatlve dielectric

constant to around 10 (17). So Cy 2 11 yF. (See Figure 1-16
for this detailed calculation.) A detailed theqrétical cal-
culation (17) yields.C; = 16uF, independent of ion type and,
ﬁithin certain limits, of ion concentration. Now that the
parameters are better understood, the equivalent cirquit for
electrode polarization may be analyzed. The detailed analyéié

is in Appendix III. The actual values measured are R and C,

the equivalent parallel components of the circuit of Figure

1-14. Expressions for C and R are given in Fiqure 1-17. 1In
FPigure 1-18 R and C are sketched as functions of frequency.
This relationship can be tested by sﬁbstituting into the

equations for C and R reasonable values of R, and C, and plot-

2 2
ting values of C and R versus w. These should agree with the

'exper;mental values which have been given in Chapter 3,

Looking at Fzgure 1-10 Ry is about.260 O and C, about 60 pF.

The area of the small electrode is about 10 cmz, so C, is

4 -|7

approximately 2 x 10 ° £ °*’'F. Substituting these values into
- c o ) : : .

o
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(assuming C|>>Cgund‘ Ri>R2)
Electrode Sheath -
Parameters ’
R, C, i | w2+ 1/RC,C,
 C=C,
w?+I/RECE

| , .2 2
Sample —J_ WP+ I/R aCi

Paramelrs R, C, R=R,

w?+ | /RyR, CE

Figure 1-17. Equivalent Parallel R and C For Circuit of
Figure 1-14 (Sample Holder Containing Soil).

log C,

log C,

log R,

|

+ ' log R,
log w '

w=I/RR, CE w= I/RGCT w1/ R5C,C,

Figure 1-18. R and C of Figure 1-17 as Functions of Frequency.
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the equation for C in Figure i4l7, the values plotted on
Figure 1-19 are‘obtained. The agreement is fairly good, con-
sidering that Cl,is calculated from basic considerations.
Were C

1
gquency, the agreement would be nearly perfect.

a little larger and slightly less dependent on fre-

Conclusions

\

The formula for C derived here allows one to estimate the
effect of ion concentration in the soil sample. This concen-
tration strongly influences the conductivity of a sample but
should have litﬁle effect on its permittivity.' Thus, the sam-
ple resistance is a function of ion concentration. As the
equations of Figure 1-17 show, the overall caﬁaditance, Cc, of
the soil~filled sample holder is a function of the resistance
of the soil inside. It appears from the eguation for C in Fig-
ure 1-17, that each decade drop in the resistance, R2, shifts

the C vs. f curve about 1 1/2 decades in frequency.
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CHAPTER 5
INVESTIGATION OF THE PROPERTIES OF

SOME SOILS

In order to eliﬁinéte the effects of electrode polar~
ization, measurements were obtained at frequencies greater
than 2 MHz. 1In the beginning, a range of 5 to 40 MHz was
used, but later it was necessary to use still higher fre-

guencies.

Measurements in the 5 - 40 MHz Range

Apparatus and Measurement Procedure

The instrument used to perform the measurements was a
1606-B General Radio R-F Bridge. 1In addition to the bridge
itself, various oscillators and detectors were requiredr A
schematic diagram is shown in Figure 1-20.

The soil was placed in a coaxial capacitor, shown in Fig-
ure 1-21. The capacitor was made of nonmagnetic stainless
steel, machined to the same dimensicns as a section of General
Radio 50-Q transmission line: outer conductor, 1.587 cm 0D,
1.429 cm Ib; inner conductor, 0.621 cm DIA. The coaxial ca-

pacitor was 12.7 cm in length. At one end of the capacitor a
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Unknown
GR. G.R G R G.R.
i2l1-C. 1606 1232 Pl - 1330
Unit R.F. R.F. Bridge
Osc Bridge Mixer Osc
I

G.R.

1232

Null

Detactor

Figure 1-20. Block Diagram (5 - 40 MHz Range)

lee— 14.6 ¢m >
OUTER R | - | =
CONDUCTOR '
.43 ¢m ID, 158 em OD tubing
. (303 stainless steel)
0.62! cm DIA rod
INNER I ' ’ | =
CONDUCTOR ,
' ' k 12.7 om Irruwhined to accept

— ~ .
(303 stainless steet) GR 874 conneclor

Figure 1-21. Sample Holder (5 - 40MHz Range)
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General Radio 874 Lbcking Connector was attached, enablihg
the sample,holder to be attached directly to the Gﬁ'lGOG-B
R-F Bridge. |

The procedufe for berforming the measurements was adapted
from‘the manual for the 1606-B. The instfument has fourlad—
justable dials; two are initial balance controls, and the
othef two indicate sample resistance and reactance. (The re-
lationship between the measured reactance and the permittivity
is stated.in the next section.) Measurements were taken at
5 MHz, 10 MHz, 20 MHz, and 40 MHz. After the last measurement,
the sample holder was disassembied and the contents emptied in-
to a small container. By using the gravimetric method (see (22)
fof details of this method) the moisture content of the sample

-was obtained.
Calculations

The instrument measures the reactance and the resistance
of the Sample holder. The pefmittivity and conductivity can
be calculated by using-these quantities, and in‘this‘section the .
equations uséd to calculate the permittivity are set forth. Also,
a test case using wéter was worked,to'show that the equations do
indeed yield the pérmittivity.

Admittance, The first stép is to convert the series re-

sistance, R, and reactance, X, (impedance) to the equivalent
parallel capacitance, C, and conductance, G, (admittance). The
measured guantities are R and Xf where f is the frequency in

MHz. The desired guantities are C and G. Let D denote -Xf.
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D _ 1
i-4 R=3J§F=g7F3ac
- " Re?
1-5 c = D 1 . - __Rf _
£2R* + D? 2m 10° £2R? + D%

In the above-equations, the unit of R and X is ohms, that
of C is farads, and that of G is mhos.

FringingﬁC;pacitance Correction. In this sample holder

the:e.is'é small aﬁount of fringing capacitance which must be
subtracted. A computer program was written to.caléulate the
fringing capacitance, which was found té be independent;of the
dielectric constaﬁt and equal to about 0.38 pF. This value is
simply subtracted from the calculatéd capacitance. Further
details on this calculation are'givén in the second part of
this chapter.

Permittivity Calculation. HNext, it is necessary to find

a rglationship between permittiﬁitg and capacitance. If the
capacitor could be treated simply as a lumped capacitor, per-
mittivity could be calculated simply by dividing the measured
capacitance by thé capacitance éf ﬁhe empty sample holder.

Even though this gives good results, fof a more exact calcula-
tion it is necessary Eo'také into accéuht the distributed
nature of fhe capaciﬁqnce; The sample holdér can be treated as
a section of transmiséidn“line terminated in an open circuit.

The input admittance of the sample holder is

. Y + Y, tanh YR
1-6 Y, =y, =0 '
‘ IN O‘Y0 + YL tanh v2




where
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= input admittance,
ijE + Gi

’
JULE + RE

= characteristic admittance,

= load admittance; for open circuit YL =0,

= propagation constant, J(jwcl + G;) (jmiz + Rz"
= capacitance per unit length,

inductance per unit length,

H

= resistance per unit length,

= conductance per unit length.

For an open circuit load,

- =Y

1-7 Yoo otanh Y4

If tanh v& = yv£.then

1-8 Yoq = YoY% = juC + G.

One might reasonably‘

to warrant the assumption

1-9

that tanh YR = yf&. Recall that

Y ='/(JNLR + Ri) (JmCE + Gly.

Cy is determined by geometry and permittivity:

1-10

where
£

b

a

permittivity, .
dia. of outer conductor,

dia. of inner conductor.

Evaluating C,

1-11

We know‘that for

1-12

C=1C, = 0.667ErpF.

L
an empty sample holder,
jw VI = j w/3 x 10°,

(Er = 1 for an empty saﬁple holder)

ask whether yf is sufficiently small
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1-13 L= —*
9 x 10%°¢
1-14 . L = 1.66 x 10~ Henry.
2 is determined by the conductivity of the soil and geometry.
1-15 g, = S21¢ G = 7.570.
2 in b/a ' * *

R is the series resistance of theltransmission line. Since the
sample holder is made of stainless s£ee1 there may be some rea-
son to doubt that R is small. The resistance per unit length
(Rl) can be calculated by using the skin depth approximation.

See Figure 1-22.
- -]
1-16 R Y

where
p = the resistivity of the materiél,
A = the cross sectional area.

1-17 A = 82ma |

where

a = the diameter of the inner conductor, 0.063 meter.

1
2

- = |2
1-18 6 = |

w = the frequency in radians/second,
: -, ‘
4 = the magnetic permeability, 4wx10 Henry meter,

p = resistivity, 0,72 x 10_6 ohm-meter.

So R, = 4.25 x 107°% /%,

L
~where

f = frequency in Hertz,
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a = radius of solid conductor

S = skin depth

A = cross-sectional grea supporting conduction
Figure 1-22. Skin Depth of Conductor.
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'Comparing'RE to wLi

1-19 wL, = £ x 1.045 x 10°°,

1-20 = /T x 4,25 x 10" °.

Ry
Hence, wl, = 1.0 while R, = 0.0042 at approximately 1 MHz.
It can be concluded, therefore, that R is negligible

compared to wL. Thus Y% can be expressed as

1-21 . YR = YjwL {jwC + G}.
Note that this is a complex number. Hence, when calculating

tanh y#, the formula for compiex arguments must be used.

i ..y _ Sinh(a) + jsin(b)
1-22 tanh(a + jb) = ZEoP{a) + Jcos(B)"

Using this formula, tanh yf can be expressed as a series ex-
pansion in terms of the real and imaginary parts of vR.

Finally, YIN,can be expressed as a series expansion. Keeping

two terms,

1-23 ' YIN>= juC [l + 251—'5:] + G [l +zm-3l‘ [C - —5— ]'

Measurements on Water. As a test of the correction formulae,

measurements were performed on the sample holder using water as

the dielectric. The results are summarized in Table 1-4.
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Table 1-4. Measured Permittivity of Water. '

Distilled Water, Conductivity = 0.003 Mho/meter

Freqﬁency in MHz Relative Permittivity
5 | T go.2
10 79.5
20 : | 78.0
40 o 75.5

0.005% NaCl Sclution, Conductivity = 0.02 Mho/meter

5 79.5
10 | k 77.0
20 | 78.0
40 76.5

0.01% NaCl Solution, Conductivity = .0.03 Mho/meter

5 S . Bl.3
10 S 81.3
20 81.5
40 - - 75.0

0.02% NaCl Solution, Conductivity = 0.05 Mho/meter

5 S S 80.8
10 - 82.3
20 o - 83.0
40 . ' 75.0

0.1% NaCl Solution, Conductivity = 0.2 Mho/meter

5 88.5
10 “ . 80. 4
20 | 93.0

40 88.2
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‘Results

The compléte results for the capaciﬁance, resistance,
permittivity, and conductivity of several different soils,
for #arious moisture conténts, and for thelentire range of
- frequencies, are tabﬁlated in Appeﬁdix I, Figureéllf23, 1-24,
- and 1=25 i;lustrate some representati§e data. The samples
uséd to obtain the data were prépared according‘to the pro-
. cedure outlined in Chapter 3. Due to the smaller size of
the sample, only four to eight hours were required for the
samples to come to thermal equilibrium. These results are

discussed in Chapter 6.

Measurements in the 250 - 450 MHz Range

After'the measurements on the‘laboratory-prepared samples
were completed, it seemed logical to attempt to measure un-
disturbed samples from the field. Unfortunately, it was not
practical to do this Qsing the equipment for the 5 - 40 Miz
range.:- In order to obtain~the required minimum capacitance, it
was necessary to use a sample holder which was 12.7 cm in‘length
Soil samp}es of this length could not be forced into the’sample.j
holder without binding, compaction, and unreliable contact.

Godd-results could be obtained,Jhowever, for soil samples
df‘one centimeter in length. Sampies of thié length were suit-
able for use in the 250 - 450 MHz range. In addition, it would
be he1pfu1 to have information on the permittivity'in this

higher frequency range. For these reasons, it was decided to
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perform measurements on laboratory-prepared samples and field,

samples in the frequency range of 250 =450 MHz.

. ' : Apparatus and Measurement Procedure

A General Radio 1602-B Admittance Meier was used in tnis
investiéation.. A block diagram of the instrument, together
with its associated osciilators and detectors is shown in Fig-
ure 1- 26. The Admittance Meter has a four-port junction at its
center. Connected to the approprlate ports are an oscillator,
a known conductance, a known susceptance, and the unknown. Three
loops inside the junction are connected to the detector, which
can bo nulled by varying the coopling of these loops;' when a
null has been achieved, the coupling of tne loops is related to
the input admittance of the unknown port in a known fashion.

.Tho Admittance Meter is a pafticularly easy instrument to
use, Thé‘following procedure was adapted from tne manual for
the instrument. To begin, the source oscillator is set to the
desired valne, and the auxiliary oscillator is set to obtain
maximum déflection on the detectdr; Occasionally, it is nec-
essary to observe the mixer current. If the mixer current is
toc low the coupling loop on the auxiliary oscillator can be

- adjusted ;o give netter results. After nhe susceptance stub
18 set according to the frequency, . then tne sample holder is at-
tachad to the "unknown" port. The three levers attached to the
coupling loops are adjusted to obtain a null in the deééotor,
and the positions of the levers are recorded.

Several points deserve attention, First,‘it is important

T 7 o T T g g e P s = o Al E o L eiie e ™ e
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Unit Suscep-|
.oscil- tance
lator standard
ductance "\td"""' Unknown
standard ance '
: meter
|
874
/ MRAL ‘
Unit " Mixer \
oscil- . 1236
lator R Detector

Figure 1-26. Block Diagram (250 - 450 MHz Range)

1

(I.Secm CD tubing ™ Drilled and tapped
(303 stainless steel) to accept GR 874 connector,

I‘Ic'r?l - : including grooves and slot shown

=

=~ 0.62¢m DIA Rod

Figure 1-27. Sample Holder (250 - 450 MHgz Rahge).



64

that the sourcercsciilator-be set as accurately as possible, and
that the freguency cf‘the oscillator be checked frcm time to

time by means of a slottcd line, unless ﬁhe oscillator is known
to be highly stable in frequency. Small errors in frequency
cause errors in the finél reSult,J:éecohdly, the susceptance
stub should be set accordihg to the marks.on the stub. The
procedure given in the GR manual for setting the stub when the

frequency is unknown leads to errors and should not be used.

Calculations

Five sets of calculaticons are performed on the data to ob-
tain the permittivity: a line length correction, a finite
sample length correction, a fringing capacitance correction,‘an

opticnal electrcde polarization correction, and a calculation

of the permittivity from the sample input admittance.

Line Length Correcticn. The Admittance Meter measures the
input admittance at the junction, but the_samplc is approximately
6 cm away from the junction. The cquation which‘relgtes the
input admittance at one point in a ioss1esé line to the input

admittance at another point is

-2 Y41 =Y l{'m-zj-xJ o ::::: 2; '
‘ 0 IN 2
where
YIN 1= input admittance at the decifed'point,
Y;y 2 = input admitcance at the known point,
Y, = characteristic admittance of the line; o
B = phase constant, .

L = distance between point 1 and point 2.




Noté‘that Y. and B are characteristics of the transmission line

0
‘and, therefore, known. Y 2 is measured by the Admittance

IN

Meter.

In order to Qsé the formula it is necessary to determine
%, which is the distance between the junc;ion and the sample.
This can be accomplished by attaching a known admittance to
the “unknoyn" port. The known admittances used in this inves-
tigation were GR W03 (open circuit) and GR WN3 (short circuit)
terﬁinations. The use of thesé terminations not only simpli-
fies the formulae but also provides a check on the error,

The simplified formulae for line length corrections are

(short circuit) YIN 2 = Yo/tan BL,

"

(open circuit) KIN 2 Yotan L.

Note that the product of theqmeasured input admittances for
short circuit and opén circuit is just Yg. Table 1-5 shows:the
data collected using WN3 and Wd3 terminations as well as the
calculated value of £ and the esﬁimated error. Knowing £, one
can calculate ;he input admittancé at the sample hclder by using
Equation 1-24. | |

Finite Length of the Sample Holder. 1In the section on mea-

surements in the 5 - 40 MHz range, equations were derived to re-
late the input admittance to the capacitance and conductance
'per unit length of the sample holder filled with soil. The re-
lationships were

Im [Y_ ]
1-25 c = — IN
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=26 ‘ G = " "
20°L LG
P o]

These relations are also useful in the present calculations.

Fringing Capacitance. The correction for fringing capaci-

tance mentioned in'the section on measurementS'ih the 5 - 40

MHz range is explained in more detail here. To‘begin, let us
consider what fringing capacitance is and how it might affect
the results, Looking at the sample holder, one can see that

it is a coaxial capacitor. Because the capacitance per unit
length of coaxial capacitors is well known, and since the lehgth
of-the sample holder is alsc known, one might be tempted to
conclude\that the capacitance of the sample holder is just its
length times the capacitance per unit length. This, however,

is not the case. 1In fact, the capacitaﬁce of the sample holder
is greater and the excess is termed the fringing capacitance.
Thé reagson for the discrepancy is that the formula for the cap-
aciﬁance per unit length was derived for an infinitely long
capacitor. Since the samﬁle holder is finite in length the uni-
formity of ﬁhe infinite capacitor is gone. At the edge of the
capacitor there are fringing fields which give rise to the
fringing qapacitance. ISee Figure 1-28. The calculation of the
f;ihging capacitance consists of calculating the capacitance of
the entire sample holder and comparing it to the length of the
sample holder multiplied by the capacitance per unit length cal-
culated for the case of an infinite capacitor. The calculation
of the actual capacitance is accomplished by using the following

relationships.
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1-27 C = E%
where
cC = éapacitance,
g = charge on the electrode,
Ap = voltage difference between electrodes.
Gauss' laﬁ yields . |
1-28 ¢ et - ds=q ‘
wheré
' E = electric field intensity,
‘Es = incremental surface area,
IS = any surface which encloses q;

Recall that

=4 .
1-29 E = -v¢.

'Finally, ¢ satisfies the Laplace equation in charge-free regibns:

1-30 vZ = o.

Using a computer bne can solve the Laplace[equétion by
means of finite difference‘methods. {See, for example, Ramo,
Whinnery, and Van Duzer (23).) The Laplace equation becomes a

difference equation which can be expressed as

¢

+¢ +¢

. .+, , R o
1-31 ¢ = ¢1+1'37 ¢l-lr3 i,j+1 i,3j-1.

lrj 4

This difference equation is solved for different assumed values
of permittivity in the sample holder. The potential found in

this way is substituted into Equation 1-29 and the fringing
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capacitance calculated. The result foundlﬁas that the fringing
capacitance was equal to about 0.33 pF, independent of the per-
mittivity of the soil in the sémpie hélder. one' of the pro-
grams used to calculate the fringing capacitance is given in
Appendix 4. |

Electrode Polarization Correction{ .This‘correction can be

.considered optional since it produced only small changes in the

data.  Recall the formula for measured capacitance derived in

Chapter 4 and given in Figure 1~17,

w? + S SO
2
Ry"CaCy
C=C2‘ N L]
w? 4+ 2~ 2
Ry°Cy
One can solve for C,,
Cl—C‘
1-32 . C2=C-ﬁ"
‘ w R2 Cl
~For ¢; > C,
1-33 C, = C- = 12 . E
: w R2 Cl

1-34 €. = C2//0.667 x 10

Calculation of the Permittivity. Once the capacitance of

the sample holder filled with soil has been found, the permit-
tivity can be found simply by dividing the sample holde;'cap-
acitance by the capacitance in air, 0.667 pF.

12
x

‘Test of Formulae. io insure the correctness of the for-

mulae used to calculate the permittivify and to correct for




various effects, measurements were performed on materials

with known d%electric constants: water, methyl alcohol, and
- plexiglas. The results are listed in Table 1-6. A computer

program, written to obtain the perﬁittivity can be found in

Appendix IV.

Table 1-6 Measured Permittivity of Water, Methanol, and
Methyl Methacrylate.

Relative permittivity of water (250 MHz, 20° C)

Sample -Holder Measured Generélly Accepted
Permittivity Value for Permittivity
41 80.5 80.3
42 79.6 80.3

43 | - 80.5 | 80.3

Relative permittivity of methanol (250 MHz, 20° C, Sample Holder #1)

Measured Generally Accepted
‘Permittivity Value for Permittivity
32-2 : 32.2

Relative permittivity of methyl methacrylate (Sample Holder #1)

Frequency in H:uz Measured - Generally Accepted Range of
' Permittivity .~ Values for Permittivity
250 2.58 2.2 - 3,2
300 | 2,52 - 2.2 - 3.2

350 ‘ 2,41 2.2 - 3.2

450 A 2.39 2.2 - 3.2
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Sample Preparation

In this investigation three different kinds af»soil

samples were prepared: 1abofatory;préparéd samples, laboratory-

prepared samples with salt, and samples from the field. The

laboratory-prepared samples were pfepared according to the
procedure outlined in Chapter ‘3. When salt was required it-
was‘added to‘the soil before the ice was mixed with the soil.

The salt céﬁtent is expressed as a percent soil solution, e.g.,

a twelve gfam §oil Qample with thfge grams of water added and

Q.03 §ram of salt‘woulé be a sampié with 25% moisture content,

and‘adl% salt soil solution.“ln cher words, the soil is wet-
ted witHva‘l% salt solution. . |

As the name implies, field samples were taken directly

from the field, specifically, three pits dug on the Purdue Uni-

' versity Horticulture Farm. To obtain a sample, one removed ap-
proximately three inches of soil from one face of the pit and
insertéd therouﬁer conductar of the'sample holder into the side
of the pit. Thén thé-outer conductor, tdgether with the soil
inside it, was removéd, packed in waﬁe:—proof bags;-and taken
immediately to the laboratory. In ‘the laboratory a hole was
drilled in‘the center of thé plug of soil, and the center con-

vductdf wasucaréfully inserted, then tamped in to insure good con-
tact with the electrodes. Finally; é spgcial tool was insertéd
to remove excess scil so that the soil sample ﬁas precisely one
cm in length. A rubber stopper was placed on the end of the
outer condugto; to prevent evaporation. Then, the measurements

were performed immediately, using the Admittance Meter.
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Unfortunately, the very wet cbnditions which prevailed

during the investigation forced modification of the procedure.

_ One pit remained flooded for the entire season and was not used.

Samples from the other two pits were at or near field capacity
of moisture. Aithough these data wereluséful, theldécision
was made to test a greater range of moisture contenf. The
procedure, therefore, was modified. | |

A three-inch diameter brass pipe was inserted a few incﬂes

into the face of the pit. This was taken to the Laboratory where

the soil plug was removed and sliced into 1.5 cm thick slabs.

These were placed on a pressure plate and dried to the appro-
‘priate moisture content. {This 1s a standard technique. See,

for example, (24).) Once the slab was at the desired moisture

content, the outer conductor was inserted into it, and the pro-.

‘cedure thereafter was identical to the one explained previously.

The results are tabulated in the third section of Appendix

I. Figures 1-29 to 1-34 illustrate the relationship between

‘moisture content and the logarithm of permittivity. Figure 1-35

shows the‘frequency-dependence of the permittivity. Some pro-

perties of the soils used in this investigation are summarized

in Appendix II.
_ ) RESULTS

Several observations can be made about the data.

1. The log of the permittivity increased approximately

linearly with increasing moisture corntent.
2. The salt content does not seem to affect the results.
3. In this frequency range the perﬁittivity has Very

little dependence on frequency, although the clay soil

seems to exhibit more dependency than the others.
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CHAPTER 6

DISCUSSION OF RESULTS

In this chapter results from the investigation of permit-

tivity of some soils in three frequency ranges are discussed.

Measurements in ‘the 0.02 - 2 MHz Range

The procedures used to 6btain the results discussed in
this section can be found in Chapter 3. The data are tab-
ulated in Appendix I. The apparentldiélectric constants can
be obtained froﬁ the capacitance by dividing the capacitance
listed in‘the table by the capacitance of the empty sample
holder, 1,65 pF. This has not been done because the results
are not of practical value to the present investigation.

Several asﬁects of the data are worth noting., The ap-
parent dielectric cqnstanté are very high for almost all the
soils tested. Iﬁ additioh, the apparent dielectric constants
are strongly dependent on frequehcy. Furthermore, the conduc-
tivity alsc has an effect on thg apparent dielectric constant,
These phenomena are not consistent with the assumptions that

the apparent dielectric constant is, in fact, the ‘actual
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dielectric constant, and that the dielectric.coﬁstant of a
s0il sample can be calculated from the dielectric constants of
the coﬁStituent soil and water by some simple mixing rule, e.gq.,

€r  fwater

(fraction of water)+ ésoil (fraction of soil).
In Chapter 4 it was shown that the theory of electrode polar-
ization not only qualitatively explains the phenoﬁena, but also
makes guantitative predictions which ake close to experimenﬁal
results, | | .
Be;ause the quel of electrode polarization gives results
which agree reasonably well with experimeﬁtél results, one
might ask if the‘theory could be ﬁsed to correct for electrode
polarization effects in the data from the first part of Appendix
I, Unforfunately, as shown below, the answer is no. An ap-
proximate éorreCtion formula Has been derived for the case where

electrode polarization is a minor effort. . (See Chapter 5,

Equation 1-33.)

1
€ =~ g -
AC  TAP 2.2
w R2 ClC0
where
‘EAC = actual dielectric. constant
€ = apparent dielectric constant {measured)

w = éngular freqﬁency

'R, = resistance of sample in ohms

c, = eleftrdde capacitance in farads, due to aﬁ ion sheath
| on the electrade | | |

€, = capacitance in farads, of empty sample holder
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If C, were equal to 10°°F, C, equal to 1.7 x 10-1?F, R

0 2
equal to 1280 @, w equal to 2m X 10° radians/second, and
the actual dielectric constant equal to ten, the above
formula would predict an apparent dielectric constant of
100. Suppose the dielectric constaht'actually measured

was 110. This is within 10% of the predicﬁed,value, which 
is reasonably good agreement. If one calculates the €rc

by using the heasured value €ap. = 110, one obtains 20 which
is 100% greater than the actuallvalue. The basic problem
here is that the difference between two large nearly equal
numbers alwayS'has fewer significant digits than the two
original nuﬁbers, |

Estimating the electrode‘capacitance is'ﬁery difficult,
since it is proportional to fhe surface area of the elec-
trode in contact with the sample. Due to surface irreg-
ularities, ﬁhe afea of the electrode can be an order of mag-
nitude larger than a perfectly smooth surface of the same
diﬁensions.‘ Even neglecting the problem of estimating the
surface area of the electrode, one ié still faced with the
problem'of estimating the amount of surface area whicﬁ is
actually in contact with the soil samples. Although care-
ful packing of the soil is‘helpful,‘somq variation of the
actual conﬁact area is unavdidable. Finally{-the electrode
capacitance itself has some frequenéy dependence which com=-
plicates the situation. The conclusion is that, where elec-
trode polarization/has a large influence on the data ob- -

tained, it is probably not feasible to correct for electrode
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polarization. At higher frequencies, where ¢ and e are

AP AC
not greatly different, correction is feasible but not.par-

ticularly helpful.

An interesting phenomenon encountered in the course of
this investigatioﬁlwas the time dependence of the data, de-
scribed in Chapter 3. Even after the possiﬁility of a chem-
ical reaction at the electrode was eliminated, the capacitance
of claf and muck soil decreased with time., One possiblé ex-
planation is‘that some of the moisture is adsorbed into the
surface of the soil particles and, therefore, the permittivity
of the sample is reduced since adsorbed water has a lower di-
electric constant. Another possibility is that as moisture
is adsorbed into the_surfaces, less‘moisture is available to
support ionic conduction. fhis would result in a decrease in
sample condubtivitf with a conseguent decréase in the effect
of electrode polafization. Hence, the apparent dielectric con-
stant would decline. ' |

. Actually, these two explénations are not‘mutually ex-
clusive aﬁd, in fact, there is some evidence that both pro-
cesses occur. Wiebe (15}, whose:investigation was cited in
Chapter 2, noted a decline in measufed dielectric constant with
time. His measurements were performed at a frequency high
enough to preclude any electfode polarization effects. On the
other hand, decrease in conductivity of laboratory samples
withitime'has.been nbted‘by other authars (25i, and the model
in Chapter 4 shows that this would decrease the apparent per-
mittivity. This effect should not be present, of course, with

soil in the field.
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This preliminary study served tp expiain several studies
published in the literature. For example, the very high ap-
Earent dielectric constants measured by Anderson (8) must
have beenlthe result of electrode polarization. Liiewise, the
strong influence of salt content noted by Thorne and Russell 
(11) can be traced to electrode polarization, which iilustrates
the futility of insulating electrodes, as Wallihan and Thorne
and Russell‘(lo, 11) dia in order to overcome the effects of
soil conductivity. The insulation merely reduces therelec—
trode'cépacitanée somewhat, which iﬁcreases the range of fre-
guency over which electrode poiarization has an important ef-

feét,

Measurements in the 5 - 40 MHz Range

The procedures used to‘obtain the data discussed in
tﬁis séction are given in Chapter 5. The data are tabulated
in the second section of Appendix I.

In an‘attémpt to overcome the effects of electrode polar-
ization, tﬁe frequency of measurement was increased to a rahge
of 5 - 40 MHz. Unfortunately, the atfempt was only partly
successful., As éan be seen from the freguency dependence..
curves of'Figufe 1-23, the dielectric constant is markedly less
dependent on-frequenCy, and the values of permittivity are muca
more reasonable than for thelfrequency range of 20 - 2000 kHz,
as shown in Figure 1-19. The addition of salt, howéver, still
has an effect on the re#ults, albeit a small effect. This

gives one an opportunity to assess a prediction made in Chapter
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4, where it was claimed that a one decade decrease in R2
should result in the C vs.‘frequency‘curﬁe‘being shifted

one-and-a-half decades to the right. R the "sample re-

2'
is inversely proportional to o, the sample con-

14

sistance,
auctivity, while C is p:oportiénal to the dielectric constant,
€ Hence, an increase of one decade in ¢ shouid result in

a one~and-one-half decade shift in‘er. Table 1-7 shows the

correspondence between this prediction and the data collected.

The agreehent is reasonable. A number of other observations
could be made in this section concerning the permittivity,
but it seems best to defer those remarks until the next sec-

tion where electrode polarization does not confuse the issue,

. Measurements in the 250 - 450 MHz Range

The data discussed in this seéﬁiqn were collected ac-
cording to the procedure outlined in Chapter 5 and are tab-
ulated in the thirdkéeCtion'of Appendix I.

In this freéuency range electrode’polafization has a neg-
ligible effect. This can be seen from the fact that thé addi-
tion of salt does not affect the permittivity and that the di-
electric congtant is not strongly dependent oh.frequency.

Considering the frequency dependence in‘more detail, one
nétes that the changes in log ¢ with.reSpect to fregquency,

) Loé e/8f, tend to be higher for soils higher in qlay content

but,‘for any giﬁen soil, A Log €/0f is independent of moisture

- content. Likewise, the change in conductivity increases for

increasing clay content, but A0/Af is approximately independent
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in Conductivity.

Samples Compared

Predicted Frequency Actual Frequency
Shifr"in Decades

Shift in Decades

9.9%
10.0%
12.4%
12.3%

M.C., 0% Salt
M.C, 0.4% Salt 0.606 0.66
12.4% MC, 0% Sat S
12.3% MC, 04% Sat  0.925 | | .00
M.C, 0% St o
15.9% M.C, 04% St~ 072 0.87
MC,02%S
M.C, 0.4% Sat 1.l 1.08

Note:

The above data are for Miami Silt Loam in the 5-40

MHz range.

M.C. refers to Mmoisture content.

Comparison of Predicted with Actual Frequency
Shift of C vs. Frequency Curve Due to Change

—
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of moisture content; The conductivity, however, is increasing
faster with respect to frequency in this fange than in the
5 - 40 Mhz range.

Now let us turn dur attention toward the behavior of the
dielectricicon;tant as a funétidn Qf moisture content. The

most striking feature of Figures 29 to 34 is the linearity of

the graphs over most of their range. This is strange since a

' (fraction water)

simple mixin xamg = g,
mp ixing rule, for e apple, €y = Euater

+ € 1 {fraction so0il), would lead cone to expect the curves

soi
to be étraight lines on a linear scale, not a logarithmic one,

Also, note from Figure 1-34, that the curves for different

sdils have different intercepts (projected) on the abscissa
axis. The significance of this obsérvation can be better ap-
preciated by locking at Table 1-8 where the permittivity of
each soil at its wilting point is tabulated. It is possible
to conclude from this table and Figure 1-34, that the inter-
cepts are correiéted with the wilting point moisture, implying
that the permittivity is a légarithmic function of the avaii-
able moisture content. The logarithm of’reiafive permittivity
vs. available moisture content is plotted for several soils

in Figure 1-36, bearing out the above conclusion.

To explain these observations one can begin wifh the con-
cept of available moisture. In Chapter 1 available moisture
was defined as the amount of moisture,in excess of the wilting
poiﬁt moisture. The availability of water to plants and the
permittivity of water are both related to the éame physical

phenomenon, the adsorption of water. Water becomes "bound"




83

Table 1-8B., Permittivity of soils at the wilting point.

Soil * Relative _Permittivity
Chelsea (sand) , 4.05
Crider (clay) . 5.07
Crosby (silt loam ) a9l

Miami (silt loam 4.58

=450 MHz
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to the surface of the soil particles and thié binding makes

it difficult for the roots to extract moisture. The rotation
of water dipoles by an alternating electric field is also
hindered by the binding of the water to tﬁe surface. Since
the high dielectric constant of water is due to the ability

of its dipoles to ;otafé iﬁ response to an applied electric.
field, the dielectric constant of "bound" water is much less
than that of free water. As a first approxim&tion, soil mois-
ture can be thdught of as consisting of two kinds of water,
free (with a relative permittivity of about 80) and bound
(with a relative permittivity of 5 to iO).’ The data from this
investigation are consistent with this explanation, because
moistﬁre below the wilting point seems to have much‘léss ef-
fect on the permittivity.

Examining the data in more detail, one cén arrive at
further conclusibhs. For example, one may ask why 'the log-
arithm of permittivity is proportional to the available mois-
tdire content instead of the permittivity itself being pro-
portional to the moisture content. A possible answer is that

all the available water is not equally available. Assuming

a distribution of permittivities corresponding to a distribution

of binding forces, bne can oﬁtain an approximately‘logarithmic
relationship as illustrated in Figure 1-37.

The top illustration in Figure 1-37 shows a hypothetical
graph of the dielectric constant of water vs. distance from
the Surface of a soil particle. Tﬁis can Ee uéed to obtain a
hypothetical permittivity vs. moisture curve. Cénsider a

reasonable simple mixing rule,
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Figure 1-37. Effect of Transition Region.

Theoretical transition point between
completely bound water and completely

free water

€, of water

/

e

Distance from particle surface

slope=€ -¢ sal

e bound water %
% ,
£ ,1" ‘ |
s&e—— slope= - € 50il
% e .s' pe efl'ee € 1]
: |
2 d Theoretical transition point
€ s0il — 5] /
v I
Moisture content
.
=)
=
E .
% d'""
3 e
B ‘ 7 .
m * - g -
S 7Theoreﬁcal transition point
- . _____J ) '
Log € soil —’g% e L
-  Moisture confent

Note: The dashed curves are hypothetical curves drawn under the
assumption that the water present is either completely bound to the
soil particles (c_ = 5:10), or completely free (¢_ = 80). The Bsolid
curves are hypoth8tical curves drawn under the asBumption that over a
small range of distances from the soil particles the water molecules
are only partially bound and the relative permittivity of this water '
gradually increases from about 10 to 80 as the distance from the soil
particle increases. '
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£ . =¢_ =¢__,. (fraction soil) +e (fraction
‘mixture r‘ §Oil w;ter watet).

Because (fraction soil) = 1 - (fraction water),

Er=(Ewater_Esoil) {(fraction water) +Esoi1.

Hence, the slope,of the relative permittivity vs. moisture
content curve is simply the difference between the permit-

tivity of the water and that of the soil. By using this re-

'lationShip, one can construct the relative permittivity (er)

vs. moisture content curve graphically as shown_in the second
illustration of Figﬁre 1-37. Finally} the third graph shows

the permittivity vs. moisture content curve using-é logarith-
mic permittivity»scale."Supérimposed on each graph is a curve
(dbtted iine) showing the same quantities under the assumption
that only free and bound water exists with no transition region.
The figure shows that the addition of the transition region
gives curves which are similar to the experimental curves.

At this point, the reader is reminded that the models set
forth here are merely presented as reasonable explanations to
be used as a means of generating new‘predictiohs and, possibly,
stimulatiné new fesearch. In this spirit,‘iet us consider the
‘frequency dependence of the permittivity. The freqqency de-
pendence for ordinary free water is well known. It is constant
up to the Jrelaxation frequency" where it fapidly declines to
a relatively small value. Thisrrélaxation frequency is above
any freguencies used in the ﬁresent work. One might hypothe-
size that for bound water the relaxation frequency is simply
shifteq to a lower frequency. This is a reasonable assumption
siﬁce ice behaves this way. If this is the case, then one

might conclude that the water in the transition region is
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undergoing relaxation in our‘frequency range of measure-
heni. This suggests a slight decline in the dieiectric
constént with frequency which should be more noticeable for
small moisture contents. Thé decliﬁe should aisg be a little
gre;ter for clays; because in both casés a greaterApercéntage
of the total moistﬁre is in the transition range. ,Thié is
‘borne out by Figﬁres 1-10 and 1l-12. . |

The conducti&iiy data éan also be'interpfeted in this
same light. The cohductivity can be considered as being com-
posed of £wo components: one dge to ibnic conduction, the
.ofher‘due to dielectric loss. As is well known, the theory
of dipole relaxétion shows that dielectric loss reaches a
peak at the relaxatioﬂ frequency. for‘ordiharf free water,
the dielectric loss begins to increase around 500 MHz. Since
water in the transition region is ﬁearingjits relaxation fre-
'quency;_it should show increasingrloss at a somewhat lower
- frequency than does free water. This should Be reflécted in
an increasing Ac/Af, with increa;ing frequency which,lin fact,
does inCreése, as shown by the data in the Appendices. of
cburse, thg conductivity increases for increasing moisture,
because this favors increased ibnic'condiction. !

Our ﬁain interest in performiné these measurements ig to
arrive at an assessment of the usefilnes of petmittivityvas an
ihdiéator of soil'moisture.S From these measurements one can
conclude that the permittivity is a goOd'indica;or of soil
moisture provided that some information about‘tﬁe soil is

avaiiable. Even in the absence of any knowledge about the soil,
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Figure 1l-36 shows that the relative permittivity gives a use-
ful estimate of the available moisture content. For the soil
high in clay contént (Crider) the correlation is least sat-
isfactory. | .

It ié also of interest to note that the laboratofy samples
were very similar to the Miami samples takén from the field,
differing only ih conductivity. It is not surprising that the
conductivities of the field samples were greater, siﬁce pore
structure, which is absent in the laboratory prepared samples,
increases ionic conduction.

| ‘As a final point, let us consider the larger than ex-
pected permittivities for smail available moisture contents in
clay. There are at least two possible explanations. The first
possibility is that the transition region is cénstructed in
such a way that the permittivity at the wilting point is higher
for clays. The second possibility is that soil particle sur-
face admittance (discussed in Chapter 2) still has some small
effect even at our highest fréquéncies. According to Schwartz'
theory, (14), spherical particles 0.02 micrometer in diameter
could have some effect up to 500 MHz. For needlé-shape& pér—
ticles the effect could be enhanced. In either case it would
séem £hat performing the measurements at even higher frequencies
than 450 MHz would give better results. A higher frequency
would lessen the effect of surface admittance and also would
"relax" more of the dipoleé. It seemslpossible, therefore,
that one could find a range of freguencies for which a better
correlation exists between available moisture content and per-

mittivity.
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CHAPTER 7

CONCLUSIONS

The results of a number of previous investigations on
the relationship between the electrical permittivity and the
moisture content of soiis have been accounted for herein, by
the theory of electrodé polarization. Hence, the negative
conclusions reached about dielectric methods, based on these
earlier stuvdies, can be disfegarded.

When the effects of electrode polarization can be neg-
lected, it seems thaf an acceptable relationship exists be-
tween available moisture cdntent and electrical permittivity.
A model has been developed which is based on concepts ofigin-
ated by soil scientists. The model appears to explain the

main features of the data and is consistent with the observa-

tions. In addition, the model predicts an even better correla-

tion between available moisture content and permittivity at

still higher frequencies than those used in the present work.
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Electrical Methods for Determining'

Soil Permittivity Profiles
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CHAPTER 1

STATEMENT OF THE PROBLEM

Objéctives

The'u;timate goal of this investigation is to explore
the feasibility of‘elecfrical methods for determiﬁing the
soil moisture profile, defined as the soil moisture content
as a function of depth in the soil. ;n the previous part of
this report, a’satisfgctory relationship was obtained be-
tween the,avaiiable moisture content and the electrical per-
mittivity for several different soils. Thus the problem re-
duced to determining the'ﬁermittivity as a function of depth
in the soil; |

One possible method for measuring the permittivity pro-
file is similar to conventional techniques of détermiﬁing the
soil mdisture profile. A hole could be dug or augered and an
electrical probe inserted to measure the permittivity at
various depths. This migﬁt offer certain advantages in cost
and convenience over convgntional methods,‘but electrical

methods hold out the promise of still greater advantages.
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Since electromagnetic radiation does penetrate the eérth
and also is partially reflected by changes in the electrical
propertiés of the soil, it seems possible that information on
‘the permittivity could be recovered without actual physical
contact with the soil below the surface. If a method could
be found for accomplishing this it would offer 51gn1flcant
advantages over presently avallable schemes in speed and
convenlence.

In this part of the report, various remote sensingvtECh—
nzques for determining soil m01sture content are explored. They
are termed remote sensing techniques because actual contact
with the object being measured is not required. To begln(
some factors which influence the choice of methods are ident-

ified.

Factors Which Influence the Choice of Methods

Electrical methods rest on the assumption‘that the elec-
tromagoetic radiation penetrates the soil‘to a sufficient depth.
 In‘additioo to this, particular techniques make assumptions
about the electrical properties of the soil and other aspects
of the Problem.‘ To discuss these assumptions and requlrements
more intelligently, one should cons;der the various factors
which influence the choice of methods: electrical properties
of the soil, distribution of the permittivity in the soil,
“temperature, penetration of eleotromagnetic rediation, resc-
llution of meaeurements, and the kinds of "data that can be

collected.
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Magnetic Permeability

Some oreo have High electrical pormeabilities, but
study by Lukshin et.al. (1) revealed that all the common
soils tested had relative permeabilities of about one. Hence
permeability can be assumed to be egqual to its vacuum valuel
everywhere, independent of all variablos.
| For many vears the Electrical Conductivity of the soil has
been studied to determine its ouitability as an indicator of secil
moisture., The studies have established (see (26), for example)
that oondﬁctivity‘is not a reliabie indicator because the ions
in the soil strongly influence the conductivity. The quantity
of ions in the soil vary from place to place and time to time.
Frequently, the‘conductivity'is sufficiently large that the
conduction ourrent isn't negligible compared to the displacement
current, Although tne conductivity:of éoil variés with fre-
quency; it is approximately bounded by zeto below and one
mho/meter above. Actually, most Soils have conductivities

of less than one-tenth mho/meter.

¢ Electrical Permittivity

Petﬁittivity is related to the available moisture content
of the soil. It appears to decline slightly with increasing
frequency between 1 MHz and 1 GHz. |

In Chapter II of Part 1 studies were cited which demon-
strated that clays havo & very high dielectric'constant‘due to
.their "surface admittance." 1In the ftequency rangeﬂwhere sur-

face admittance is important, permittivity is not a reliable
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indicator of soil moistere. Surface admittance is the dom-
inant effect beloﬁ 10 kHz. Above 2 GHz the permittivity de-
clines due to the inability of the-water dipoles to reorient
themselves in re5pon§e to the rapidly oscillating field. Ap-
p:oximate limits on the relative permittivity of eoil’are
three and fifty.

'Temperature also has some effeet on permittivity. This
is worth noting since temperature can vary with depth in-
dependent of moisture content. Thus permittivity variations
could ﬁe attributed erroneously to meistufe content variations.

Studies by Schofield (27) revealed maxlnum variations of
10°F between soil temperatures to a depth of four feet. Other
studies have found differences up to 18°F. Using the formula
given in Part I, Chapter 2, one can show that this leads to

relative permittivity varlatlons of five percent. If this

error is unacceptable it should be possible to correct the

- data by using information about the temperature profile.

Distribution of Electrical Permittivity in the Soil
In general, the soil cannot be assumed to consist of
layerS»of constant permittivity. The moisture content is

usually a contxnuous functlon of depth,‘although a sand lens

or some similar structure occa51onally gives rise to a rapid

chanoe 1n moisture content.

For most agrlcultural soils 1t is reasonable to assume

.that the permittivity prqflle does not change much in the

- S r
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horizontal direction, but there are exceptions. The pro-

. perties of alluvial soils and soils with depressions frequently

change rapidly in short distances along the surface, but such

areas could be avoided if desired, since they are easily i-

dentified.

On the other hand, it is unrealistic to assume complete
horizontal stratification. If horizontal stratification is
implicit in a model, then the method must be checked to in-

|
sure that satisfactory results can be obtained by using in-

formation from a limited area, as is done later in this

chapter.

Penetration of Electromagnetic Radiation

The electrical properties of the soil govern the depth
of penetration of electromagnetic radiation. One measure of
penetration is skin depth, the depth at which the electric field

is 36.8% of its value at the surface. The usual simplified

s formula for calculating skin depth cannot be used@ for soil

since. the displacement current density is not negligible com-
pared to the conduction current density in this case, or vice
versa., A correct formula for skin depth can be derived from the

Helmholtz equation,

2-1 V?E - jwy (jwe + o} E = O.
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For a plane wave traveling in the +z direction,

2-2 E = Ae-j/—jmu (jue + 0) .z

The skin depth, §, is just the reciprocal of the real part

of the exponent,

- . . l ) R

REALl [j v-)jwp (jwe + o)l
Algebra yields

ﬂ/i R '

2-4 § = ‘
Yuu ./Cme + /Twe)? + 02
wherp
Q = angular frequency in radians per second

H = My Uo
U, = permeability of vacuum (4m x 10f7 henry/meter) .
hr is the relative permeability, which is dimensionless.
€ = €_€E
£, = permittivity of vacuum (1/36m x 107° farad/meter). €_

is the relative permittivity, which is dimensionless.
"0 = conductivity in mhos/meter.
For €. equal to thirty-six and ¢ egual to two-tenths of a

mho/meter, - the skin depth is 1.12 meters at 1 !MHz, 0.35 meter

at 10 MHz, 0.2 meter at. 100 MHz, and 0.16 meter at 1 GHz.

Resclution -

Resolution refers to the ability of a system to distinguish

objects wiich are close togethe:. In the context of the
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present discussion, the objects to be resolved might be layers
of high pefmiitivity separated by a layér‘of loﬁef permittivity.
A.measure of the resolution of a system is the least thickness
of the intermediéfe layer for thch the system can distinguish
the ;w0rhi§h permittivity layers. For a thinner intermediate
layer, the two high permittivity layers would appear to be a
single layer; |

Even if the soil is not layered, resolution has an effect.
Low resolution’SyStems tend to smooth out abrupt transitions
and blur fine detail. In some cases this is a disadvantage,
bpt.occasionally the lack of resolution eliminates trouble~
some, and unimportant effects of thin layers and inhbmogeneities.

Generally, the resolution of systems is govérned by the
wavelength of the radiation. The limit of resolution is usually
cohsidered'to be about ﬁalf the wavelength.  In soils, the wave-
length is about 1/2 to 1/7 the wavelehgth in vacuum, At 300
Mﬂz these‘assumptions lead ta a resolution of about B to 25
centimeters. The resolution of each particular system is
discussed in the section on that system since the special char-

acteristics of each system govern its resolution. .

Information Aﬁailable
The data for the moisture measurement system must con-
sist of measureﬁents made of the electromagnetic fields at or
rabove ﬁhe sufface of the earth. This constraint rules out, fof
example, metﬁods which involve transmittance measurements since

there is no practical way to make these in situ.
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General Approach to the Problem
‘ Assumptiohs

To facilitate analysis it is éssuﬁed7that the arga‘to be
measured is flat and.infinite iq extent. A coordinate system
is defined as shown in Figure 2—l.i The‘permeabiiity ig as-

sumed to be equal everywhere to its value in a vacuum. The

 permittivity may vary afbitrarily with depth, but it is as-

sumed constant on any plane parallel to the plane z = 0. The
same assumption is made with regard to conductivity. The dis-
placement current density is not . assumed to be much greater

than the conduction currentdensity. Sufficient penetration is

assumed and the effect of temperature is neglected.

The Problem {
© Simply stated; the problem is to determine the permit-

tivity profile, given the electromagnetic fields at or above

" the surface. One ﬁay‘to approach the prcoblem is to relate the

known surfacé field to the unknown‘permittiviﬁy profile by
means of Maxwell’é equatiohs.‘ This involves three sﬁeps.
First, Maxwell's equations can be writtgn for this particular
situation and a "formal®" solution can be obtained. Since the
permittivity is unknown the "formal" solution will contain an
unknown function. But the formal solution will contain use-

fulinformation about the electromagnetic fields in the earth.

Next, the formal solution must be related to something that

can be measured: data taken at or above the surface. Finally,

‘a relationship must be established between the formal solution

and the permittivity variations.

T
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Within the framework of this general approach there are
a number of techniques to calculate the permittivity profile.
The presently‘aﬁailable methods for measuring the electrical
permittivity of the earth as a function of depth, have been
considered with considerable care by one of the present authors
(F.V.S.) and the results aré contained in unpublished form.
The two methods thch seem to be best adapted to the problem
at hand are Becher's method and Slichter's method. 1In the

next two chapters these methods are considered.
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Air E = ¢

Soil—+

Figure 2-1. Model of Phyéical Situation.
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CHAPTER 2
MARCHENKO-SHARPE-BECHER METHOD

IThis method scemed to be especially well suited fbr
determining'the pérmittivity profile of the soil, since it
was developed‘for geoelectric expioratioh. The technique '
uses reflected electromagnetic waves as data. 1In this chap-
‘ter, the Maréhenko—Sharpg—Becher method is presented and
its suitability for determining soil moisture profiles is as-
sessed. _Actually, it turns out that the method is not ap-
plicablei;;ﬁhe present problem,‘aithough at first it appears
to be, so it is only outlined here. The mathematical pre-
sentationis sketchy; only enough detail is being included to
make possible an understanding of the apparent inadeqguacy

of the method.

Presentation of the Method

The foundation of this method is Marchenko's work on
the inverse scattering problem (28); Sharpe (29) adapted
Marchenko's results to the problem of nonuniform transmission
line synthesis. Sharpe also showed that a particular fepre-

sentation of the data greatly simplified the process of
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obtaining a solution. Finally,rBecher (30) used ah analogv
between plane wave propagation theorj and transmission line
 theory to apply Sharpe's results to the geoelectric ex-
ploration problem. Some‘exteﬁsions of Sharpe's work were

necessary to accomplish this.

! Marchenko's Work

Marchenko's analysis deals with plane waves which orig-
inatevaf infinity, impinge upoﬁ a scattering pétential
V(x), and are reflected back toc infinity. For the case of
electromagnetic waves, one can easily seé that Maxwell's
équatidns, applied £6 this situation, lead to a wave eqﬁation.
Marchenko was concerned with quantum mechanical scattering,
s0 he deait witn tpe Schrodinger equation, also a wave equation.
Since Marchenko's work has general application, the equations
‘presented'will not be‘specialized to electromaghetic terms, but
left in the form used by Marchenkb, except to express the
.phaser as @3 rather than e ~1M%,

Although Marchenko dealt with quantum scattering, his
development followsvthe general épproach cutlined in Chapter 1

of Part II. The basic equation is

2-5 L1 +2% = vy,

dx™
where

Y is a function of x (e.g. electricallfiéld-intensity),
a3 A is a separation cﬁnstant, '

V(x) is an unknown potential, and

x is a distance. e




The objective of the analysis is to determine V(x) from know-
ledge of the asymptotic properties of Y. For convenience,

Eguation 2-5 with the boundary condition,

2-6 - e~ A% Y(x,A) =1 as x + =

can be transformed into an integral equation,

a7 Y (x,1}) ejA# + [msin {t=1)
‘ X

V(t) Y(t,\) dt,

This is a type of Volterra equation, and the form of a parti-
cular solution is well known. If one postulates that
-]
2-8 [tlvit)|dat < =
. x )
it can be shown, using a theorem of Titchmarsh, that one can

i

obtain a particular solution in the form

2-9 Yo (x,0) = eI 4%k (x, t)eI tat,

P x
where K(x,t) is called the kernel.
The relationship between K(x,t) and V(t) is discussed later in
the chapter. The first step of the éeneral approach outlined
in Chapter 1 is complete; a formal solution has been obtained.
Now it is necessary to relate this formal scolution to something
which can be measured. To begin, note that a particular so-
lution, Ip, was found above. The genefal solution, G(x,A), is

a superposition of the waves propagating in opposite directions.

.2=10 G(x,}) = Yp(x,l)c + Yp(x,-l)D,
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This can be expressed as

2-11  G(x,3) = g3y [¥ (x,-3) - Y (0 SE-M] Y A=),

where * denotes complex conjugation, and

= * (. * -1
S(1) Yp (-1) [Yp ()] .

S{\) is called the scattering datum and has the property that

1 - S{}) is a Pourier transform of a function, F_(t),

\

2-12 1 -5 = [TF(t)e I tac,

=00 .

Starting with this information, Marchenkec was able to re-
late the kernel, K(x,t), to the scattering datum, S(A), by
means of Parseval's equation. The relationship obtained is
termed the fundamental equation,

2-13  F_(x+y) + K(x,y) + [TR(x,¢t) F (t+y)dt = 0, 0 < x < y.
. . x . .

Now the formal solution must be related to the potential,

Vi(x). This can be done by substituting the formal solution,

Equation 2-9, into the integral equation, Egquation 2-7.

2-14  [Tk(x, 1l ar = [ BB ALSTH) y(5) oIM%as
' X X A

+ ]mV(s)ds fw sin A (s=x)  Jiu K(s,u)du.
X s X

Denote the first term of the right hand side by A, the second

by B. USing trigonometricrrelationships, one can show that

' sin A (s=-x) jAs
N -

sin A (s-x) jru _ jors=x  Idtgy

" 2-15 e 2s=x Jrtgy

1
3/
X

A " X+u-s
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Substituting these relations into"integrals A and B and in-

terchanging the order of integration, one obtains

2-16 A= f“ejlt[% /© V(s)ds]dt.
’ X X+t
=z
w4 X+t :
2-17 B= | ej)‘t[% fTV(s)dsft"'S‘xK
' ‘ X X . t+x-s K(S,u)du
1 ; t+s-x ‘
+5 [ V(s)ds/ - K(s,u)du|dt.
X+t v S
5=

Sﬁbstituting the expression into Equation 2-14 and using the

urmriqueness of the Fourier integral representation,

1 e 1 x+t t+5-Xx ‘
2-18 K(x,t) = 5 [ V(s)as + 5 [ 2 V(s)ds [ K(s,u)du
ﬂ X ‘t4+X-5 ‘
2
1 e - t+s=Xx
+ 5 / V(s)ds [ K(s,u)du, 0 < x < t.
X+t S

N

Ndw let t = x and Equation 2-18 reduces to the following equation,

2-19  K(x,x) = -21-f° V(s)ds.
p.4

To summarize Marchenko's work, let us recall that he has

provided a relationship, Equations 2-12 and 2-13, between part
of the formal solution, K(x,t), and a known quantity, S(i), and

a relationship, Equation 2-19, between the kernel, K(x,x), and
the desired quantity, V(x). Note, however, that in order to

calculate V(x), one must first solve an integral equation,

‘Equation 2-13.

Sharpe's Work
Sharpe dealt with the problem of constucting the charac-

teristic impedance of a tramsmission line in such a way as to
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produce a specified input admittance. By normalizing certain
variab}es in the transmission line equations, he showed that
these equations can be put in fhe form of a Schr8dinger equation.
Thus, Sharpe's problem‘is identical to Marchenko's from a math-
ematical viewpoint. Marchenko's results, therefore, apply to
Sharpe's problem also. Recall that Marchenko's solution re-
-quired solving an integral equation., .Shérpe sought to over-
come this difficulty by representing the specified input ad- .
mittance as a rational‘function of fréquéncy. By using contouf
integration, he was able to reduce the ihtegral équation to an
algebraic equation. The details are outlined below.

Sharpe began with the transmiséion line equations for a

lossless line;

av _ .
2-20  z= = julL(z)I(z),
dI . :
2-21 Iz = jJuC(z)Vv(z),
where

V is the voltage across the line,
I is the currént, in the line COnductbrs,
L{z) is the inductance per'unit 1gngth of the line,
C(z) is the capacitanée pér‘unit'length,
w is the anguiar'frequency of the voltage and current,
z is the distance from the input of the line.

Define ajlocal characteristic impedence, zo(z), and a local

phase coefficient, B(z),

2~22 z,{z) = YLTz1/C(z),
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2-23 g(z) = /Tlz)C(z).
Now normalize'the distance, voltage, and current,-xespectively.

2~24 X =

IS

2 .
IOB(t)dt
2-25 u(z) = v/ /Zolzi
2-26 viz) = I %Zolzs

Substitﬁting these normalized functicns into Bquations 2-20

and 2-21 gives , o

2-27 Q%%El + p(x)Yulx) - juv{x) = Q, o :.
2-28 LD pgvix) - juulx) = 0,

dx
wherE‘p(x) = % E% 1ln Zoz(x).

Eliminating v(x) in Equation 2-27 and u(x) in Equation 2-28,

one obtains the Schrddinger equations.

2 .
2-29 48K . 12 _p(x)] ulx) = 0,
dx ,
2 _
2-30 S vx) +_[w2 - Q(x)]}] wv(x) =0,
dx
where P(x) = p?(x) - 2L, o(x) = p?(x) + ZELX),

Note that P(x) and Q(x) are subject to the same festrictions
as Marchenko's poténtigl, Vv(x). See Equation 2-8.

Sharpe thus establiShed‘the connectioﬁ between transmiﬁsion
~line theory and Marcheﬁko's work. To see this, note the analogy

between Equation 2-29 or 2-30 and Marchenko's eguation (2-5).
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Since Marchenko's results apply to this case, one can write
the solution to Equation 2-9 by analogy to Equation 2-9,
2-31  u(x,w) = eI¥X Jut

'+~fmA(x,t)e dt,
X

where 7

A(x,t) is tﬁe kernel, analogous to K(x,t)'in Equation é-g.

The next step is to determine A{x,t) in terms of known quanti-
ties. ﬁnder the assumptiqns that he imposed, Sharpe showed |
that thé problem of.determining the kernel frqm known quanti-
ties , was reduced to that of solving‘a linearrsystem of al-
gebraic equations.

Marchehko?s fundanental equation, 2—13,is thé key egquation
in the process of determining the kernel. To rédﬁce this in~
tegral egquation to an algebfaic system, Sharpe first related
the input admittance to Mgrchenko's datum, which is analogous
to a reflection coefficient. The nprmaiized admittance of the

transmission line is

vix,w)

2=-32 y(x,m) = m.

The normalized admittance is

- Under the condition that the line beéomes sufficiehtly
uniform as x approaches infinify; ogtgcing wave solutiéﬁb‘which
are asymptotiéally exponehtial exist and Y(X) = v(O,A)/u(O;A)
is a positive reai-funcfion.i‘k is the complex frequency,

A=w - jE.
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It is pbssible to prove that u{0,w) ﬁnd v{(0,w) are
“rational functions of w with-only'simple poles and that,
knowing any one of the quantities Y(A), u(A),. or v(X)

allows one to determiné the other two uniquely. So, knowing
¥Y{A) allows one to determine u(0,w). Once u{0,w) is known,
Marchepko's theory can be used to obtain Fs(t) and A(xft)
fromlﬁquations 2-11, 2-12, and 2-13.. Note that u(0, -} /u(0,w)
is analogou§ to S(A) in Equation 2-12. Now perform the in-

verse Fourier transform on both sides of Equation 2=-12, Then

u(0,~w)

- 4y = L™ 4o jut '
2-34 Fsgt) = > {m 1- = L= e | dw.

In order to cobtain the kernel, A(x,y), one can then solve an

equation analogous to Marchenko's fundamental equation, 2-13.

2-35 F_(x+y) + A(x,y) + [TA(x,t) F (t+y)dt = 0.
, X

Consider this calculation in more detail. Recall that

u(0,w) is a rational function, with only simple poles, and so

o (0.0 can be presented as
_ _u(o,-w) _ % Py T 9%
236 S T ,§=]. =Ky * £=1 wny,
whexe

'S is a complex pole whose iﬁaginary pa£§ is greater
than zero,

u, is a complex pole whose imaginary part is less

than zero, |

and o, are complex residues.
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Contour integration over the entire upper half plane gives

‘ : s jryt
- i v
2-37 F (t) = j§=lpve .
-Substituting. into wguation 2-35 and performing the integration,
, n . h
=38 A(x,t) =] £ (x)elE
v=1

where f is found from the system-

o n J[K + xle
2-39 o, 1 fu
Thus the integral equation reduces to a linear system of al-

oJr X

+ £,(x) + jp,e" v

Fu tey,
gebraic equations. Once A(x,t) is determined,‘One‘can use
Equation 2-31 to determiné:u(x,m).

2-31 : u(x,m) I L ]mA(x,t)ejmtdt
. X . '

This expression can be substituted into Equation 2-29

to yield P(x).

d?u(x)
dxz

2-29 + [w? - P(x)]u(x) = 0.

Upon substituting Equations 2-31 and 2-38 into Equation 2-29,

one obtains,

o (x)ej‘“ 0 tge 4 (w2 - P(x)]

2-40 . -gledex 4 _d%
| . ax?

r

’ehdb

[edux . f 2 fu(x)eJ(K * w)tdt] =0,
x v=l

Siﬁplifying, using standard formulae for differentiation and

integration, one obtains,

2-41. P(x) = 22 4 Z £, (x)eJKvx
' v=l ¥

P(x) is relatedrto Zo(x), the desired quantity. To see this,

v

recall that
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| | .
2-42  PIx) (3 In Z,(x0)? -3 =2 1n Z.(x).

It is possible to show that

det [I-R(x) ]
det[I-R(x)]

2_43 Zo(x) = ZO(D)

where

I is the identity matrix,
ej(Kv + xu)x

v +
K\J l(u

R is a matrix whose elements are Rvu = p

Zo(w) = l1lim Zo(x), X+,

Becher's Work

Becher applied Sharpe's results to geoelectric exploration,
that is, the use of elecﬁrbmagnetic waves to determine the
electromagnetic properties of the earth. By exploiting an
analogy between pléne wave propagation theory and tramsmission
line theory, Becher was able to put the equations for a plane
wave in the same form as‘Sharpé's Equationsl2¥20 and 2-21.

dE

2-44 HEE(Z) = jwﬁ;Hy(Z). dEx(z)=jwu Hy(2),
' “dz
_ aH_(z)
2-45 EEz =-jwe (2)E,(2),

Ex”is the electric field intensity in the x direction,
Hy is the magnetic field strength in the y‘diregtioq,
Mg is the permeability of vacuum, |

e(z) is the permittivity of the earth,

w is the angular frequency,

x,y, and z are defined in Figure 2-1,
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In addition tq plane waves, Becher also tieated the
case of a man-made source (aidurrent distribution) and de-
rived equations for this gituation as well. Becher also
made several extensions of Shafpe's work. First, he showed
' that the 1ossy line‘(R—L line), where o>>we, can be cast in
the form of Equations 2-20, and 2-2;,\whiCh were derived for
the lossless line (L-C line), where me>>o.. ﬁechér then pro-

ceeded to derive a transformation between these cases. For

the R-L line,

2-46  EE9 o juuen (z,0)
S0 2 o (2)E(z,0),
where
o(z) is the conductivity of the earth.
If

2-47 p¢ = L and jw = y?,

then ‘

2-48  jupH{z,w) =-3jyL [jyH(z,-j¥®)].

Define

vz, =57,

2-49  N(z,vy)
| E(z,5vy?).

"E(Z'T)

The result is

2-50 g%i-ill':-ij ®(z,v),

T A N e R N e L Y W e T



2-51 ggiELIl =-3iyC(z) E(z,v),

where C repfesents,c and vy represents the transformed angular
frequéncy. Equations 2-50 and 2-51 are in the form of the
lossless transmission line egquations.

A second extension of Sharpe's work due to Becher con-
cerns distance normalization./ Sharpé dealt with lossless
transmission lines where the speed of propagation changes only
slightly over distances which are small compared to the wave-

length. Hence, his normalized distance, x, is approximately

proporticonal to the true distance, z.

52 o lf L (%hae w B
2:52 x = = é B(t)dt R w\é Bdt % tz.

For the geoelectric problem, howevér, this is no longer true.
Becher derived a differenfial equation relating x and z and
proceeded to solve it. By substituting the results into
Sharpe's equations, Becher was able to express the variation

of permittivity as a function of true distance.

Regquirements For Usiqg'Becher's Methed

The source of electromagnetic enerqgy, the data collection
process, and the medium whose permittivity variation; are being
measured, must each satisfy certain feqﬁirements{ girst,‘con-
sider the requiremenfs for the source. Becher considered two
cases, a plane wave soﬁrce, and a line source. In the first

case, the plane waves were assumed to originate from natural
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electromagnetic disturbances due to fluctuations in iono-
spheric currents. In general, these plane waves are very

low frequency: usually the lowest frequencyris less than one
Hz. If ﬁlane waves are not availab;e, one must use a line
source. In either case, the source must have a fairly broad
bandwidth. The bandwidth depeﬁds on the expected change in
the permittivity as a function of‘depth, and can be estimated-
by exploiting'the.fact that the relationship betweenvthe re-
flection coeffigient, r{28), and the log of the characteristic

impedance is in the form of a Fourier transform.

2-53 r(28) = 377325 [1na(z) 14z,

dz

If Z(z) is considered to be the impulse response'and r(28) is

considered to be the bandwidth, then the product of the band-

width, B,and the impulse response, R, of Qégéiil is

2-54 BR>2.

B and R are both measured in the radius of gyration sense. For

an example worked by Becher; the required bandwidth is three
decades. ' h

The data required by the method are the surface electric
and magnetic fiélds. For the case bf a plane wave source, it
is sufficient to measﬁre the electric field intensify vector
and magnetic field strength vector‘perpendicular to. it at a
single poiﬁt. ﬁoté that both vectors are in the plane of the
surface. When a liﬁe source is used, however, it becomes neces-

sary to measure the fields over the entire surface. In genefal,
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it is possible to choose a curreht distribution which gives
azimuthal symmetry. in this case, one needs to measure only
the magnetic and electric fields along a line passing through
the point where the permittivity profile is'désired. For a

line source, the data are the input admittances
[- ) (-]

2-55  Y(0,w) = [ H_(y,0,w)dy/[ E_(y,0,w)dy
0o ¥ 0 X

for all frequencies; (The coordinates are defined in Figure
2-1.) As a practical matter, one can truncate the integ:ation
~at some finite value of y. This point will be explored in
more detail in Chapter 3 of Part II. “

| The Marchenko-Sharpe-Becher method is not entirély general,
‘because it does not apply td an arbitrary permittivity var-
iation., Certain restrictions are placed on the medium. To be-
gin, it is assumed that b and € are constant on,aﬁy plane
parallel to the surface and that ¢ and € for large 2z, (dis-
placement perpendicular to the surface), approach constants
faster than 1/22. In‘addition, this techniqﬁe requires that
either o#)me or we>>g, and that ¢ or ¢ (dependent upon which is
the variable of interest) be constant with respect to the

frequency, that is, tnhat the medium be nondispersive,

‘Conclusions

As noted in Chapter 1 of Part II, the data collected in .
Part I show that soil cannot be regarded as nondispersive ex-
cept possibly over a small range between a few megahertz and a

few gigahertz. In this range, however, we and ¢ are of com-
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parable ﬁagnitude so that neithe; we>>0 nor o>>we holds.
Furthermore, over this range the conductivity is changing
with respect to frequency.

Tﬁese faqts imply that thé_Marchenko-Sharpe-Becher
‘method cannot be ;pplied to the’moisture profile prbbiem. Two
basic improvements‘are required: the geﬁeral lcséy case should
be included in the scope of the method and knoﬁledgq\of the
surfacé fields at 6hly a single frequency should be neceésary.
Both of these extensions appeér to involve considerable changes
‘in the development. A method which incorporates fhese'im-
proveménts‘was developed ﬁhirfy-five years before the Marchenko-
Sharpe-Becher ﬁethod, and this technique, due to Slichter,

will be presented in the,nextlchapter.




124

CHAPTER 3

SLICHTER'S METHOD

Slichter's method {31) uses an antenna on the surface
of the earth to radiate waves into the ground. Informatidn
collected at the sﬁrface is then used to characterize the M
electrical permittivity and conductivity profile of the earth,
vertically downward. It is believed that this method can be
applied to the problem of soil mbisture measurement. Con-

sequently, it is discussed in considerably more detail than

was the Marchenko-Sharpe-Becher method.

Presentation of the Method

A circular cur;enﬁ sheet is located on the planar inter-
face between tﬁb semi-infinite half-spaces, in which the elec-
trical pérmittivity and conductivity vary only with depth, as
shown in Figure 2-2. For reasons of convenience iﬁ analysis,
this ¢=-directed surface current density, I(p), is chosen such

that

'I(p) p/a, 0 < p < a,
I(p) = 1/2, ' p = a,

I(p) = 0, p > a,.
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where a is the radius of the disc of’current,.as shown in
Figure 2-2. This current density varies sinusoidally in
time with angular frequency w. The problem is to determine
the permittivity, e(z), and the conductivity, o(z), from
measurements made at ﬁhe surface, z = 0.

The first step is to formuiate the prdblém in terms of

Maxwell's equations and then obtain a formal solution.

Maxwell's equations deal with the electromagnetic field: E,

the electric field strength, and B, the magnetic induction,
which are due to the current distribution on the plane, 2z = 0,
Subscripts on these variables refer to the direction of these

vector quantities., Symmetry implies that B _ is everywhere

¢
zero. Likewise, Ep and E, are everywhere zero, as can be
seen from the following Maxwell eguation, in cylindrical

coordinates (p,¢,2).

: (aH 9H 3H 3H
4 4 P = 1 z . 5_2 e P2 . z
2-56 (o + jwe)E = 3 T“.p z) P +<az rp) $

1 (8. 2,

where H is the magnetic field strength. Recall that H'

B/u,
where p is the permeability, and that symmetry implies that
%$ operating on any vector is zero. Since B¢ is zero, so also

is H,. Hence

¢

, , (e em, ;
2-57 (o + waZ)E = —Eaz - W .

Maxwell's equations then can be written, using the customéry

phasor notation.
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B 3. /B _ .
(i)o "% (i) z = (0 + Jue)E,

= jUBp .

+ E¢ﬁ =4-ij2 '

2-61 VeB=0

N
}
o
O
Q @ oo
ok KNl W N
|

2-62 V- €E = Por

where P, is the volume charge_dgnsity. The boundary conditions

at z = 0 are

2=-63 | (E‘¢)+z = (E¢)_zl
2-64 (B,),. = (B,)_,,
2-65 (Bp)+Z = (Bp)_\2 + uol(p);

where I(p) is the ¢ - directed surface curren£ dénsity flowing
in the surface z =.0. ‘

From this.point on, the electric field strength in the ¢
direction will be denofed by E. This should not cause any
confusion since the ¢ doﬁponent is the only nonzero compqnént
of therelecfric‘field strength." | |

Substituting‘Equations 2-59 and 2-60 into 2-58, yields

_ 2 Y
2-66 3E 4+ 3E .1 %E -E o jwulo + juelE.
522 3p? P 9p p?

By separatihg variables}'(E’= R{p) 2(z)) one obtains the Bessel

equation

et
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. ‘
2-67 LB 1402 - 16M)R = 0,

dp? . P ap :
where A is the separation constant, and the equation

l 2 ) .
2-68 L2 0 (A% 4 juuo - w?pe)z = 0.
dz?
Above the surface, z < 0, where ¢ = ¢, and ¢ = 0, this last

equation simplifies to

2 2
2-69 S22 _ (52 - Y437 = o,
dz? c?

2-70 Z = D(A) exp (¥/2? - k% z),

where ko, = w/c, énd ¢ is the speed of light,

Returning to Equation 2-67, it is c¢lear that R = J1 (ip),
since'E and B remain finite at p = 0. Let the solution to
Equation 2-68, which vanishes at z -+ + =, be denoted by Zl(zyhj¥
How recall that the electric field, which is the solution
to Eéﬁation 2-66, is a product solution. In order to satisfy
‘the boundary conditibns;‘this éroduct,must be integrafed with

respect to the separation constant, A.

2-71 B, = E(2) = ["3 (xe) F (M) 2z (z,0)dh, z > 0
2-72 E_ = E(z) = f""Jlup) F () exp(/AZ - k2z)d), z < 0,
o B

where F1 and Fz are functions chosen such that the'integrgls
converge and satisfy the boundary conditions.‘ The first of
these conditions féquires that the plus sign be used in
exé(f/lz - k22) for z < 0, since A? > k2 for A+e,

Since E_ = E_ at z = 0 for all A, it is clear that
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2-7? $+ = ja mp,[
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2-73 F (A) = F (A) 2 (0,1).
| 2 1 1

Now the boundary condition on the magnetic induction can

be used to determine F;, by using Equations 2-65 and 2-59:

p

O (9E,\ . (9E) ‘
2=75 FE‘) +0 " \3z7/ -0 = JureIlp).

Substituting 2-71, 2-72, and 2-73 into 2-75 yields

2-74. (BJ),, = (B))_, ='uIlp),

: . - : azlto,x)_ —_—
2-76 { J () F LA} ——5z— =2,(0,1) /A% - ko) dx = jwp,I‘p).

Our particular choice of I{p) makes it especially easy to
determine F1 since a well-known integral is
p/a, 0<p/a<l
2-77 af’JI(Ab) J (aydx = 9172, p/a =1
Qo
‘ : 0, p/a>l.
By using Equaticns 2-55, 2-76; and 2-77, one can conclude that

in our case

| - 3z (0,)\) —
2-78  jawu,J (Xa) = F () ——#35-—-‘- z (0,2) At -xiy ,
for all A. ‘ )

Now the solution for E, can be written

QJ;(Xa)Jl(Ap)Zl(z,l)dA
azl(o,x) —_— :
—— - A -kizgn

Provided that the integrals converge uniformly, Bz and

Bp for z>0 are given by

T T T T
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3E
1
2-80 B (zf 0) = 33 _3;2
' . | 3
. o JziaA)JlﬁpA)EEZ1(z,A)
Hog 32 _(0,%) p——

2 _ 12h e
—5-2—- - /1 k,Zl(O,J\)

-dl'

BE, E AT (ad)Je (pA) 2 (z,1)
| = -1 ¢la - ©_ 2 ° 1
2-81 B,(z,0) = -7 |55t + p}- e[ oy

dX.

- /A% - kle(o,z)

Slichter (31) shows that indeed these integrals in Equations
2-79, 2-80, and 2-8l1 do converge uniformly, if
lim e(2) < ez(a constant)

Z-rm

lim o€z) = 021a constant).

Z-+o
From the physical considerations of the present problem, these
are é;ceptable restraints, since the electromagnetic field will
penetrate, effectively, no more than a few meters into the earth,
and no exceptionally large values of £ or of ¢ normally occur
at such depths.

A formal solution for the electromégnétic fields has been

found , but it involves an unknown function, Z,;(z,1). This fupc-
tion must be related to some quantity which can be measured.

Fortunately, one can relate Zl to the magnetic fields at the

surface., To begin, write Bp and Bz for z = 0 in the forms

2-82 Bp(o,p)_ { Jl(Ap) kp(A)dA,

2-83 ‘Bz(o,p)‘ {mJ,(Ap) k, {2)dA,

where
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3z (0,A) (az (0,2
/ 1

1
az Bz

_ aued Z(Aa)-.‘

2-34 ‘kp()\) - /A% - ki zl(o,xﬂ

az (0 A) ——
- 2 _ 2
2-85 kz(l) -auAJ (Aa) Z (0,2)/ ‘-—5“" /A ks Z {0, {9

The objective is to invert these equations for the mag-
netic fields in order to obtain expressions for kp and kz in
terms of the surface magnetic fields. Now the Fourier-Bessel

theorem states that

2-8B6 ‘F(r) = l Jv(ur)udulmF(R)JvfuR)RdR;
| 1/2 _ ‘ -
provided ! F{RIR ' dR is absolutely convergent
Bp is everywhere finite and Vanlfgjs at 1nf1n1ty at least
- as rapidly as 1/p%. Therefore, L Bpp dp is absolutely con-
vergent.,- B, is everywhere finite, but vanishes at infinity
~as 1/p in the lossless case. However, loss does 'in fact oc-

%P nust be

cur, hence an attenuation factor propdrtiOnal to e
included in the expression for B,. So, asymptotically, B, can
be expressed as Be_ap/p, where B is a cocnstant. Therefore,
1/2 ' - :
,mezD‘ dp is absolutely convergent.
(-] .
Expressing Bb and B, in terms of their real and imaginary

parts and, substituting into the Fourier-Bessel theorem one

obtains

2-87 B} (0,p) ["3 (xp)Aar["B.(0,£)T (AE)EAE,

2-88  B2(0,0) = [77 (Ap)AdA["B3(0,£)3, (AE)EAE,

2-89  B!(0,0) {J,(Aq))\,dl[ Bz(o,'s)q,u;)sds,
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2-90 By (0,0) = ["7o(Ap)2aA["B}(0,E)3, (AE)EBE,
- 1 sy — ] )
where BP = B? +3Bprand Bz = Bz‘+ sz.
By comparison of Equations 2-87 through 2-90 with Equations

2-82 and 2-83, one can see that,. since Equations 2-87 through.

2=-90 must be wvalid for all values of p,

2-91  k'(2) = A[TB'(0,p)J (Ap)pdp,
P > P 1

- " . D l d ’
2-92 kp(A) AJ BD(O,Q)JI( p) pdp

2-93  k1(3) = A[ B} (0,p)J0(Xp) pdp,
-]

N

2-94 k3 (}) {J,sgto,p)qo(xp>pdp,

- ] + 'k“
k ko + 3kgr

k,

] 21N
kz + jkz-

Now define the quantity
2-95 . K
K(:\'O) = W
and note frcm Equations 2-84, 2-85,and 2-95 that
| 0Z; (2,A

2-96 K(A,0) = “Tf%%ETTT .,

‘ z =0
Furthermore, it now is shown that X(2,0) can ke expressed
in terms of measurable quantities, the surface fields. By

using Equationsg 2-91 through 2-94 and Dquation 2-95, one can

write
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["B.(0,0)3 (Ap)pdp + 3[7BY(0,0)3, (Ap)pdo

2-97 K (A,0) =

[7B;(0,0)30 (Ap)pdp + 3[7B(0,0)34 (Ap)pdh

Now a relationship must be found between Z1 and the
desired quantities, e€{(z) and o(z). This relationship will

take the form of a MacLaurin series expansion. As was. in-

dicated in the General Approach given in Chapter 1 of Part II,

the starting point for finding the relationship is the sub-

stitution of Zl into Maxwell's equations. ‘Recall Equation

2-68, whose solution is zl,for z > 0.

2 . ‘ )
2-98 22—z - (A% + jupo - wiuelz. = 0.
az? ! !

For large A,

2-99 3z (z,)) = c(r)e =,

Therefore, we may write

) azl(Orl)
2-100  lim K(}) = - lim so—tf—— ggx = 1,
Hence, for large values of A, one can write
2-101 K(X) =] aA™", (z=0),

n=0

where an are constants, and a, = 1.

Substitu;e
. 2 (z'A)
2-102 vy ({z,A) = 3—_;-_(;—3-)—— = A K(A,z)

1

into Equation 2-98 to obtain
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2-103 v+ (A2 + Jupo - uzu;; = 0.
For large A, the ésymptotic expression for v is
2-104  v(z,)) = AEOan(Z)l-n,
n=

where an(z) is a function of z. It is clear from Equations

- 2=-101 and 2-102 that

2-105  1im v(z,A)*AK(A),
z+0

for all A, so

2-106 lim a (z)+a -
20 n n

Now it is possible to show that, for all z,
2-107 de = 1.

The argument to prove this is as follows. From Equation;

2-104 we see that, for all z,

‘2—108 lim v(z,A) = Adg.

A+

Now, from Equation 2-68, with €, u, and ¢ bounded for all z, and
for finite w, we have
3%z

2-109 1 - [(x%* + £(z)]Zz = 0O,
- 322 1

where now £(z) is bounded for all z. Hence

2-110 1lim 2 (2) = mef’?,

A
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where A is an arbitrary constant and the plus sign in the ex-
ponent must be discarded because zl(z) mpSt be finite for all
positive valuss of zZ, Then, from Equations 2-102, 2—108, and

24110, it»can be seen that

= Z1(z,))

2-111  a, = lim ¥4Z:A) 54, 3 ,
Ao A Xvw  AZy(z,1)

for all z,

To find expressions for the other a ., we proceed as follows.
Substitute the series expansion for v into the Riccati equation

which v satisfies, Equation 2-103:

‘n

v -3 - )
. da,-n 2 . -n 2 "2 .
2-112 A} A Al T aa ATT 4+ A% - wlue + jwwo = 0.
n=0 %% n=0 r=0 * 7L - ' : o

Algebraic simplifiéation yields

o da . n+2
e ! n+l o ' ‘
2-113 nz-lk [}f—TEE_ +r£0°ran+2-£}' jauo - alue.

Note that the right-hand side is independent of XA, hence the
left is also. Therefore,

n+2-

‘ : dan+1 ;
2-114 n#0, ——= =r£0ar @ h2ep ?
o dadl .
2-115 l'll,= -1, Xz = 0= ?a‘al g a }= g,

2-116 n =10, 28,

jups - w?ue.
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Given a, (z), a complex function of z, ¢(2) and e(z) can be
calculated assuming that w and u are constant and knowﬁ.

Now, assuﬁe that ¢(z} and e({z) are sufficiently smooth so
that all derivatives of interest exist. Grénting this, Equa-
tion 2-116 shows that all‘derivatives of interest also exist

for az(z). So az(z) can be expanded in a MacLaurin series.

ddz dzaz zz
2=-117 a (z) = a (0) + ———_[ z + + e . .
2 2 dz |, dz? of!_

The coefficients of this series can be determined from Equation

2=-114. Since ~
2-118 an(Z) +a,, as z + 0,

+2=-119 a (0) =a =1,
-] -]

‘daz(O)
2=120 ——a—z—- = 20-3 (0) = Za 3
a2 %(0) dGS(O) )
2-121 o = 2=g;—— = 4a + 232
dia (Q0) 4z
2-122 Z = Zm=  (2a (0)a + caa + aa )
) dz3 dz2 o 3 1 2 2 1

Evaluating the derivatives uSing.gquation 2_114,

~a'a (0)-
2-123 2 = 8ag+ 16a a »
dza 3 2
‘ da (0) \
2-124 —~—2_ = 16a + 48a a +40a° + 163°
’ dz* 6 v 2 3 2.

To recapitulate, Equation 2-116 shows that

2-125' e(z) = 22 Re[iaz(z)].
-wu
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Now a;(z)'can be expressed‘as é MacLaurin series and the coef-
ficients of this series can bé related to the kernel, K{(A).

It is worth noting at this point that‘K(A) can be deter-
mined from knowledge of only one compconent of the surface mag-
netic field inétead of both, as was done in ﬁguation 2-95.

.To see this, recall that

-321(0;1)
ey

2-126 K(A) "z (0,0
1

Recall alsc, from Equatién 2-85," that

. . 'y‘ 2
2-127  k, = -al, Jz(Aa) Az-l(o,A)/[%E zlfo,x)le(o,x)(x2 - kﬁ)%]

Solving algebraically for [-SZI(O,A)/az]/jAZI(O,A)] in Equation
2-127, yields '

3 Z (0,)) ap.J (ia) : 1
25128 K(A) z i - 7 - ko)
Az {0, 0) RN EY) A :

One can summarize the steps involved in-the calculation of
e(z) as follows: | o

{1) Create the current density given in Equation 2-55 and
measure the magnitude and phase angle of the'resulting
z component of the magnetic field at thefsﬁrface.

(2) _Using Equations'2—93 and 2-94, calculate kz(}).

13{ Using Equation 2-128, calculate K(A). |

(4) Approkimate K{)) by a power series. If A~ is taken
as the variable, any of tihe many teéhniques for
polynomial approximation may be used. The reader is

referred to any standard text in numerical anaylsis.
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(5) Using the coefficients, {ai} calculated in step 4,
calculate the coefficients of the Maclaurin series,
2-117, using ﬁquations 2-114 and 2-115, as shown in
thié section.

(6) Calculate az (z) gsing the MacLaurin series, Equatidn

2-117. o

(7) calculate e(z) using Equation 2-125.
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Requirements for Using Slichter's Method

The speéifications for the .source of electromagnetic
waves are very explicitly stated in Equation 2-535. The cur-
rent distribution used ip Equation 2-55, however, was chosen
for matheratical conveniencé and does not secm to represent
a fundamental: limitation. Note thét the-source radiates at
a single frequency. |

The requirements on the data coliection are more strin-
gent than those on the source. One must measure the magnetic
fields on the surface of the earth. It is shown earlier in
this chaptet,‘however, that it is sufficient to measure only
the z -.component of the magnetic field. It is necessary,
though, to measure both the magnitude and the phase of this
componénf wifh‘respect-to the source. L

One may ask how practical these requirements are.'lFirst,
consider the measurement of phase. When Slichter developed
the method in 1933, the measurement of phase at high frequencies
was a very difficult task. Since then,ltechniques have been
developed to perform this type of_méasurement. For this partic-
ular case, it might be simplést fo perform the measurement in
‘two steps. First, the magnitude as alfunction of the radial
distancé could be measured and,’secondly; the magnetic wave could
be mixed with 'a wave of known amplitude and phase with respect
to the source. The phase of the magnetic field could then be
deduced by using the known information: both magnitudes, the

magnitude of the sum,and"the phase of the reference.
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Another requirement of Slichter's method is that the data
oﬁ the magnetic field must be collected on the surface of the
earth along a line extending from‘the point where the permit-
tivity profile is desired, radially outward to>infinity. These
data are used in Equation 2-128 in the process of calculating

- the- kernel, which require the calculation
@x©
2-129 k, = A['B_(0,p)J, (Ap)pdp.
-]

Cbviocusly this requirement‘of making measurements of Bz
to infinitf, is impossible. As was noted in Chapter 1 of Part
IL, the earth is seldom homogeneous in directions'parallel to
the surface of the eérth for long distanées. It is also clear,
however, that tﬁe integral in Equation 2-129 converges rapidly,
since both Bz and J,{Ap) decreasé rapidly with increasing p.

- kz should be calculable to a good‘approximation‘by using data
collected within only a circle of radius P of the point where

the moisture profile is desired:
2-130  k, = [PMB_(0,p)J, (Ap)pdp.
-]

In ordér to obktain an indication of the required magnitude
of Pt an example was worked. The procedure consisted off
choosing a permittivity profile, calculating the exact kernel,
using this to calculate the resulting exact surface magnetic.
field, then attempting to recover the kernel by using EQuation
2-130 for various values of p,- Figures 2-3 to 2-6 show the
results, which are discussed later.

Consider the steps of the calculation in more detail.
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(1) A constant electrical permittivity profile was chosen
to faciliate calculation. The actual value chosen
for €, was 4,5,

(2) kz was calculated by using the equation below
32 —_—
2-131  k_ = apMd. (Aa)z_(0,) szt (0,0) = ¥a%- k22 (0,2
2 2. 1 9z . ‘ o 1

In this particular case Zl‘can be caleulated easi}y

from Equation 2-68, becduse it is being assumed that ¢ = 0

and that ez} = 4}5, a constant. Tﬁé functidn, kz, can
be calculated exactly for each value of A.

(3) Using the qalculated exact values, for>kz, the z - com-

ponent of the surface magnetic field was calculated ac-

cording to Equation 2-83.

K

2-83  B_(0,p) = !wJ,(lp)kz(A)dk.

Bz’ of course, could not be evaluated exactly, since
the integral in Equation 2-83 is not tabulated. It will

. be seen, hqwever, that for.thé particular kz in this
example thé integral converges rapidly. This enables
one to estimate the gquantity by calculating successive
integrals for increasing‘values of the upper limit and

‘checking the agreement.. The difference between successive

.integrals is defined as D.

I {rag, ; An+1; L .
. ]{ Mo (Apdk, (M)dX = [PRFR3,.(hp) K, () dX]

A
ri‘nJo(Ap) k, (A)ax]
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When this quéntity‘became less than 0.005, the es-
timate of Bz(O,p) was accepted. This limit of 1/2%
for D is consistent with,the accuracies expecfed from
this method of measuring soil moisture. The field
components are sketched in Figures 2-3 and 2-4..

(4) Then a quantity proporticnal to kz was éélculated just
as it‘nbrmally would be in a practical implementation

of Slichter's method using Equation 2-130.
2-130  k, = [PFB_(0,p)J,(Xp)pdp.

Thevvalues of'pm used were 0.5 meter, 1.0 meter, 1.3
méters,.and 2.0 meters. The results are plotted in
Figures 2-5 and 2-6.
The reader may well be curious conéerning tlie sig-
nificance of\tﬁese results. As was explained pre-
" viously, the calculafion of kz, and then X(X) is a key
step in the calculation of the permittivity. So, ig
it were impossible to calculate the kernel, Slichter's
method would not be practical. The primary paysical
limitation. in calculating the kernel is the lack of
homogeneity in any plane ba;allel to the surface. Hence.
it is éssential to verify that the kernel can be cal-
.culated.by using data from within a limited‘surface érea.
The results thus far indicate that this can be done.
Another key step in the calculation dépends upon
expanding e(z) and o(z), the permittivity and conductivity

in MacLaurin series. Since e(z} and o{z), are physical
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‘quantities, it is clear that step and oscillatory

discontinuities are not possible. While this sat-
isfies the purely theoretical requirements for a

MacLaurin expansion, practical constraints dictate

stronger conditions. Specifically, e(z) and o (z)

should be reasoﬁébly smooth functions of'z, requiring
few therms for an accurate expansion.

As it turns out, the inherent limitations in
resolution of about one-half wavelength, or about

5 inches or 12 'cm (a coﬁmonlyﬁaccepte@ limit for

resolution in instruments utilizing wave phenomena)

help to achieve this result. Spatial variations in
permittivity and conductivity which are significantly
smaller than ‘the Qavelengih have little effect on the
the refleétéd wave and are indistinguiéhable at the
surface from smooth transitions. This artificial
smoqthihg, due to the finite resolution of’ the system,
causeélno difficulty to soil scientists who seldom re-

quire fine resolution.

Review of Sliéhter's Method

The calculation of'permittiﬁity using Slichter's method

can be outlinéd as follows:

.'{1) - Generate an electromagnetic field by using a maénetic

dipole-anﬁénna with the current_distribution:

p/a, 0<p<a,

0, p>}a.
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The frequency should be of the order of 300 MHz,
as shown in Part I. |

(2) Measure the mégnitude and phase with reégect to source,
of the z - component of the‘magﬂetic field along any
line extending radially away from the antenna. This
must be done out to a distance of about one wavelength
{approximately one meter) from the center of the antenna.

(3) Calculate the kernel using the equation below.

S ap.J (ra) 2_ 12
2-132 ° K()\) = ° 2 - A ke

A[PrmB_(0,0)3, (Ap) pdo

A

(4) Expand the kernel as a power series.

= T a D
2-133  K(A) = ] ax .

-n=0

(5) By exploiting the relations outlined in this chapter,
calculate the coefficients of the ilacLaurin series ex-

pansion of a .

2-134 a3 (0) ='a2,
o a (0) = 2a,
2 3
52(0) = 2a + az,
4 2
etc.

(6) Calculate az(z).

_ i (0)
2-135 ¢ (2) =af0) + a,(0) z + 2 2%, ..,
2 2 1

(7) Ccalculate the permittivity.

2-136 E = -

Rela (2)]).
wic 2
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~Conclusions

Slichter's method appears to be feasible, since its as-
sumptions and réqﬁifements seem to be consistent with the pro-
perties of soil reported in Part I of £his thesis. In addition,
modern ﬁechnology cén satisfactorily perform the operatioﬁs re—-
‘quired.: | ' | |

More work islrequired to implement the method. It would
be useful to calculate a number of examples using different
permittivity profiles. In addition, oneAshould explore the pos-
sibility of relaxing the constraints on the curreﬁt distribution
(Equation 2—131). Perhaps the first extension should be an in-
vestigation of whether or not the method can be used if the cur-
rentldistribution consists of a circular ring of current. This
‘would be'dne of the.easiest current distributions to generate
and one of the easiest about which fo_measure the resulting mag-
netié field. The questions of resolution in depth, accuracy of
the results, and actual limit of the depth to which the moisture

content can be measured, should also be investigated.
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APPENDIX I

DATA TABLES

Preliminary Investigation

The tables in this section give the measured capacitance,
resistance, permittivity, and conductivity for various sam-
ples of soil. A complete discussion of how the data were

obtained can be found in Chapter 3 of Part I.
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Properties of Miami Silt Loam

In the 5 - 40 MHz Range

These data were collected using the General Radio 1606

R-F Bridge. The procedures used to prepare the samples and

collect the data are presented in Chaﬁter 5 of Part I. A

description of Miami Silt Loam is given in Appendix II.

The symbols used in the tables are as follows:
f = frequency in MHz
x*f = the product of reactance iﬁ‘ohms andlfrequency inﬂ
MHz | | |
R =‘resistance in ohms
£ = relaﬁive permit;ivity_
Log € = logarithm to base 10 of €
o = conductivity in mhos/meter
M.C. = moisture contentl
Miami Silt Loam, 9.1% M;C.
£ X*f R 3 \ ‘ a Log ¢
5 391‘ 148 9.91 0.0055 0.99%e¢
10 920 90.0 ' 9.84 0.0057 0.993
20 1685 44.7‘ 8.07 0.0051 0.907
40 15.7  7.86 0.0058 0.895

1965




i0
20
40

10
.20
40

10

20
40

X*f
287
571
1020
1620

x*f

556

1000
1560
2030

x*f
360
703
1185

1782

Miami Silt Loam, 9.9% M.C.

R
103

74.0

45.0

20.0

Miami Silt Loam, 10.3% M.C.

R
140

88.0

42.0

. 15.3

€
12.4
9.99
8.69

7.68

Miami Silt Loam, 10.5% M.C.

R
121
80.0
46.5
18.0

£
13.0
11.0
9.16
8.23

[+
0.0077
0.0088
0.0100

0.0096

o)
0.0046
0.0052

0.0055

0.0054

g

0.0064

0.0073
0.0084
0.0077

Log ¢
1.17‘
1.06.
0.98
0.92:

Log €
1.09
0.99
0.93

0.88

Log ¢
1.11
1.04

0.91



e e e

10

20
- 40

10
20

40

10
20
40

xX&f

404

826
1360

1836

x%E
176
420

797
1130

xX*k£

442

812

1220
1578

173

Miami Silt Loam, 12.4% M.C.

R e o
127 12.8 0.0059

82.5  10.7 0.0063

42,0 9.3 0.0068

13.9 8.5 0.0059
Miami $ilt Loam, 15.8% M.C.

R (% (o]
78.0 17.4 0.0111
55.0 15.8 0.0119
29.0 14.6 0.0122
10,0 13.4 0.0106
Miami Silt Loam, 18% M.C.
| R € o)
120 14.3 0.0056

. 69.0 12.8 0.0063

31.8 11.4 0.0069

10.0 10.2

0.0059

Log €
1.10
1.03
0.970
0.930

Log ¢
1,24

1.20

1.16

1.12

1.15
1.10
1.05
1.00




10
20

40

190
20

40

10
20

40

143
302
600

995

x*f
334
491
I475

1460

T x*f
130
311

665

1200

174

Miami Silt Locam, 21.2% M.C.

R

. 65.0
48.0
30.0

12.3

€

20,7

17.0

14.8

13.8

g
0.0134
0.0155

0.0170

0.0151

Miami Silt Loam, 24.1% M.C.

95.0

56.0

28.5
8.20

€
18.0
16.0
13.6
11.1

g
0.0074
0.0105
0.0091
0.0057

1.31
1.23
1.17

1.14.

Log €
1.25
l.20
1.13
1.04 -

Miami Silt Loam, 9.5% M.C., 0.2% Salt

R

73-0 '

57.6
39.5
19.6

€

13.0
11.0
10.0

15-6.‘

g
0.0127
0.0140
0.0152
0.0148

Log €
1.19

l.11
1.047

1.00



10 .

20

40

10
20
40

10
20
40

x*f

261

578

1010

1595

X*f

67
169
336
830

75

1g4

409

780

Miami S$ilt Loam, 10.3% M.C., 0.2% Salt

175

R
108
74.0
46.0
22,5

€
13.0
11" 7

9.5

8.1

a

0.0078

0.0101

0.0106

- 0,0087

Salt

Miami Silt Loam, 13,0% M.C., 0.2%

R
46.5
40.0
30.1
17.0

€
20.9
l6.2

13.5

12. 3

g
0.0207

0.0220

0.0237

0.0226

15.7% M.C., 0.2%

Miami Silt Loam,

"R
48.0
38.7
27.9
14.4

E

21,6

18.1

15.2
14.2

v}
0.0198
0.0219
0.0238
0.0232

Salt

Log €

1.11
1.06
0.97¢

0.909

Log €
1.32
1.20
1.13
1.09

Log €
1.33
1.25
1.18
1.15




10 -
20

40

10
20

40

10
20
40

x*f
148
307
677
1000

x*f
110
210
Jeo

680

425
470
1100
1236

‘Miami Silt Loam, 17.8% M.C., 0.2% Salt

176

R
57.5
48.6
35.0
18.2

€
25.9
16.8
12.6

11.2

g

0.0143

0.0153

0.0151 -

0.0184

Salt

Miami Silt Loam, 18.2% M.C., 0.2%

R
45.0
33.0

-24.0

13.1

E
32.3
25.0
17.9
15.7

Mianmi Silt Leam,

o

0.0187

0.0223
0.0270
0.0266

19.1% M.C., 0.2%

Salt

R

99.0

66.2
30.0
9.55

€
18.1
12,7
12.4

12,6

¢}
0.0061
0.0104
0.0078

0.0087

1.41

1.22
1.10
1.04

Log €
1.50
1.39
1.25
1.19

Log 3
1,25
1.10
1.09
1.10



10
20
40

.10

20

40

10
20

40

X*f
25
84

238

570

86

189

416

B70

177

Miami Silt Loam, 22.0% M.C., 0.2% Salt

R

29.0

26.5

- 21.0

12.4

Miami Silt Loam, 10% M.C., 0.4% Salt

>
21.0
19.7-
18.2

17.0

g
0.0349
0.0355
0.0364

0.0322

R

54.0

42. 4

31.1

37.2

€
19.5

15.8

: 3.2
12.0

[}
0.0175
0.0204
0.0227

0.0242

Miami Silt Loam, 12.3% M.C., 0.4% Salt

x*f

74

l62
36l

770

R

44.0

35.8

28,2

16.0

€
25,1
18.0
14,3

13.1

. o]
0.0213
0.0240
0.0256

0.0243

Log &

1.32

1.26

1.23

Log ¢

Log ¢
1.40
l.28
1.15
1.11



10
20

40

10
20

40

X*f

189

228

372
610

xX*f

53
135
250

420

178

Miami Silt Loam,

15.9% M.C., 0.4% Salt

R
45.2
30.5
21.0

12.0

E
40.2
28.7
21.2
17.2

-9,
0.0136
0.0217
0.0268
9.0295

Miami Silt Loam, 18.9% M.C., 0.4% Salt

R
33.0
25.7
18.0

10.9

€

. 32,5

29.3
23.3

19.4

g
. 0.0286
10,0315
6.0376

0.0434

1.60
1.45
1.32
1.23

Log €
1.51
1.46
1.36

1.28
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Properties of Some Soils in the 250 - 450 MHz Range

These data were collected using the General Radio 1602

Admittance Meter, The procedures used to prepare samples and

collect data are presented in Chapter 5, Part I. 'Descriptions

of the scils used in the investigation are summarized in Ap-

pendix II. The computer program used to convert the data in-

to perﬁittivities and cdndu;tivities_is listed in Appendix IV.

250
300
350
450

The

symbols used in the tables are as follows:

. frequency in MHz

suscepténce in mhos
conductance in mhos
relative permittivity
logarithm to base 10 of €
conductivity in mhos/meter
moisture content

dehotes samples prepared with salt

Miami (Lab Prepared), 9% M.C.

B E G € Log € d
0.0139 0.0008 4.97 | 0.697  0.008
0.0176 0.0012- 4.90 0.690 0.010
0.0219 0.0017 4.77 © 0.679  0.012

0.0350 0.0035 4.73 0.675 0.014




250
300
350

450

250
300
350

450

250
300
350
450

B

0.0148

0.0189

0.0238

0.0392

B
0.0161
0.0207
0.0263
0.0451

B

0.0182

0.0237

0.0313

0.583

Miami (Lab Prepared), 10.2% M.C.

G
0.0011
0.0015
0.0022

0.004¢

€
5.60
5.52
5.45

5.37

Log €

' 0.748
0.742

0.736

0.730

Miami (Lab Prepared), 12.8% M.C.

G
0.0017
0.0023
0.0032
0.0072

Log ¢
0.810

0.804

0.796
0.790

Miami (Lab Prepared), 14.0% M.C.

G
0.0015
0.0023
0.0033

0.0095

E
7.76
7.65
7.66

7.50

Log ¢
0.890
0.884
0.885

0.875

0.010
0.012
0.014
0.016

0.015
0.018
0.019
0.021

0.013

0.016

0.017

0.020



250

300

350

450

250

300

350
450

250
300
350
450

131

Miami (Lab Prepared), 15.0% M.C.

B
0.6209'
0.0277
0.0369’

' 0.792

G
0.0014
0.0021

0.0041 .

0.0117

€ Log €
9.34 0,970
9.20 0,964
9.04 0.956
8.92 0.950

Miami (Lab Prepared), 17.6% M.C.

B .
0.0239
0.0322
0.0446
0.114

ﬂiami

G

0.0023
0.0035
0.0058
0.0304

€ Log €

11.0 © 1.04
10.8 1,03
10.6 1,02

10.4 1.02

B
6.0270
0.0372
0.0532

" 0.169

{Lab Prepared), 18.8% M.C.

G

0.0028
0.0044
0.0078
0.0686

€ Log_c
12.6 1.10
12.3 © 1.09
12.1 1.08
11.9 1,07

0,011
0.013
0.018

0.016

0.017
0.019
0.021
0.023

0.019
0.021
0f023
0.025



250

300
350
450

250
300
350
- 450

250
300
350

450

182

Miami (Lab Pregared),-Zl;O% M.C.

B G ' . E Log € o]
0.0341 0.0043  15.8 1.20 0.025
0.0499 0.0075 15.5 1,19 ©0.027
0.0802  0.0161 15.3 1.18 0.028

-0.178  0.485 15.2 1.18 0.030

Miami (Lab Prepared), 22.0% M.C.

B G £ Log € g
0.0481  0.0053 20.9- 1,32 0.023
0.0798  0.0120 20.6 1.31 0.025
0.173 0.0492 20.1 1.30  0.026

~0.148 0.0265 19.8 1.29 0.028

Miami (Lab Prepared), 24.2% M.C.

-

B ‘ G : €. Log € o
0.0579 0.0069 23,7 | 1.37 ° 0.025
0.107 0.0192 23.4 1.37 0.027
0.315 0.184 - 23.2 1.36 0.029

~0.105 0.118 22.9 1.36. 0.031



t refers to depth below'su:face of earth‘ét which sémple was

f

250 0.
300 0.
350 0.
450 0.
caken.

£

250 0.
300 0.
350 0.
450 0.
£

250 0.
300 0.
350 o 0.
450 0.

‘B“

0134
0169
0211
0328

B
0153
0195
0246
0407

183

Miami (Field, 3" +) 8.6% M.C.

e

0.0010

0.0021

0.9031
0.007s6

€

4,59

Log €
0.662
10.658
0.654

" 0.651

Miami (Field, 3"), 11.5% M.C. .

G
0.0022
0.0037
0.0053

' 0.0120

€ .
5.90
5.84
5.78
5.75

Log €

0.771

0.766

0.762

"0.760

Miami (Field, 3"), 17.0% M.C.

B
0258
0356

0504

118

o
0.0043
0.0074
0.0136
0.102

€
12.0
11.9

11.8

1‘1.7‘

Log €
1.08
'1.07
1.07
1.07

a
0.010
0.018
0.022
0.032

0.020
0.029
0.033

 0.039

0.030
0.037
0.042

0.051




Miami (Field,3"), 19.4% M.C.

f - B ‘ G 3 Log € o}
250 0.0283 0.0092 13.4 1.12¢ 0.060
300 0.0394  0.0144 | 13.3 1.12 0.064
350 0.0564 0.0259 13.2 1.12 0.067

450 0.0641 0.180 - 13.2 1.12 0.070

Miami (Field, 3"), 22.6% M.C.

f B . G € : Log € (v}

250 0.0423  0.0172  19.5  1.29 0.081
300 0.0640 0.0337 19.3 1.28 - 0.085
350 0.0919 0.0911 19.0  1.28 0.090
450  =0.110 0.0704 19.00 - 1.27 0.096

Miami (Field, 3"), 23.2% M.C.

£ "B G | £ Log ¢ o
250  0.0557 N 0;0215- 23.7 , 1.37 0.078
300 0.0928 ~ 0.0566 23.6° 1.377 0.084
350 .0.0607 0.222 - 23.4 1.37. 0.094

450  -0.0873 0.0268 23.4 1.37 0.102



250
300
350
450

250

300

350
450

B
0.0530
0.0726
0.0020

-0.0785

185

Miami (Field, 3"), 24,08 M.C.

6 €
0.0338 24.0°
0.0795 23.8"
0.177 23,6,

0.0301 23.4

Miami (Field, 3"), 24.0% M.C.

B .
0.0484
0.0615
0.0084

-0.0766

_ G €
0.0348 22.9
0.0755 22.7"

0,150 22.5
1 0.0357 . 22,5

Log € | o

1,38 0.122
1.37 0.130
1.37. 0.134
1.37. 0.140
Log € o

1.3 0.135
1.35. 0.146
1.35 0.152
1.35 0.158



Akt va s

250
300
350
450

250
300
350
450

£
250
300
350
450

186

Miami (Field, 18"), 8.B% M.C.

B G E
0.0135 0.0009 4,68
0.0171 0.0016 4.63
0.0213 10.0034 4.59
0.0335 0.0073 4.58
Miami (Field, 18"), 10.0% M.C.
B G e
0.0141 0.0022 5.13
0.0179 0.0029 5,08
0.0224 0.0049 5.05
0.0356 0.0102 5,01
Miami (Field, 18"), '15.08 M.C.
B G €
0.0174 0.0067 ' 7.43
0.0224 0.0090 7.38
0.0284 0.0134 . 7.34
0.0444 0.0339 7.33

Loé £
0.670
0.666
0.662

0.661 .

Log €
0.710
0.7006
0.703

0.699

Log €

0.871
'0.868
" 0.866
0.865

0.009

0,013
0.024

0.030

0.021
0.024
0.033
0.039

0.057
0.063
0.072

0.084



187

Miami (Field, 18"), 16.0% M.C.

f B G ' E Log €’ g

250 0.0217 0.0074  s.98 0.999  0.079
300 0.0288 0.0108 9.93 0.997 0.088
350 0.0379 0.0175 9.84 0.993 0.100
450  0.0617 0.0627 9,77 0,990 0.109

Miami (Field, 18"}, 17.8% M.C.

f . B G . . € . Log ¢ o

250 0.0244 ~ 0,0088 11.4  1.06  0.063
300 0.0327 © 0.0142 ©11.4 1.05 0.074
350 0.0446 0.0239 L 11.3 1.05 0.081

450 0.0573 0.100 . 11.3 1.05 0.092 .

Miami (Field, 18"), 18.6% M.C.

£ B ' G € Log € o]
250 0.0301 0.0127 - - 14.4 | 1.16 0.079
300 0.0413 0.0213 14,2 1.15 0.088
350 0.0554 0.0425 14,2 1.15 0.100

450 =0.0199 0.146 14.1° . 1.15 0.109
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Miami (Field, 1B8"), 20.4% M.C.

£ B ¢ € Log € o

250  0.0358°  0.0179 TR 1.23 0.096
300 0.0499 0.0322 " 16.9 1,23  0.105
350  0.0606 0.0721 = 16.9 1.22- 0.120

450 =0.0798 0.101 16.7 1.22  0.125

Miami (Field, 18"), 22.0% M.C.

£ B G € Log € ¢

250  0.0385 0.0231 18.6 1.27 0,115
300 0.0530 0.0429 18.4 1.26 0.123
350  0.0590 0.0921 18.3 - 1.26 0.128
450 —=0.0849 0.0759 18.2 1.25 0.135

Miami (Field, 18"), 23.0% M.C.

f B G B - A Log € | o
250  0.0433 0.0250 20.4 131 0.112
300  0.0621 0.0510 20.4 .31 0.119
350 0.0591  0.126 2004 1.31 0.124



- 18%

Miami (Field, 18"), 23.18% M.C.

£ B G £ Log € o
250  0.0457 0.0299  21.6 1.33 0.125
300 0.0629 0.0623 21.5 1.33 0,132
350  0.0344 0.141 - 21.4 1.33 0.140

450 =0.0813 0.0426 « 21.3 ' 1.33 0.147




250

300
350
450

230
300
350
450

250
300
350
450

190

Miami (Field, 36"), 9.0% M.C.

B
0.0135
0.0171
0.0224
0.0333

Miami

G ‘ [ : Loére
0.0012 4.67  0.670
0.0023 4.63 0.666
0.0036 4.59 0.662
0.0077 4.56 " 0.659

(Field, 36%), 11.1% M.C.

B
0.0139 .
0.0178
0.0224

0.0357

Miami

G . e ' Log €
0.0020 5.01 - 0,710
0.0033 5.01 0.710
0.0048 5.01 0.710
0.0100 5.01 0.710

(Field, 36"), 14.0% M.C.

B
0.0171
0.0219
0.0282
0.0483

G € Log ¢
0.0034 7.08 0.850
0.0053 6.99 © 0.845
0.0079 6.97 ' 0.843
0.0201 6.90 0.839

0.012

0.019
0.025
0.032

0.019
0.027
0.032
0.038

0.030
0.038
0.044

0.051



250
300
350
450

250
300
350
450

250
300
350
450

Miami (Field, 36"}, 18.6% M.C.
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B
0.0251
0.0337
0.0457
0.0712

Miami

G

0.0098

 0.0146

0.0235
0.103

(Field, 36"), 21.0% M.C.

E
11.8
11.7

11.6
11.4

B
0.0392
0.0580
0.0881

-0.118

Miami

G
0.0138
0.0270

0.0690

0.0967

(Field, 36"), 22.2% M.C.

€

lB’ 2I

17.9

17.9

17.8

. B
0.0479
0.0661
0.0339

-0.0829

G
0.0313

0.0658

0.150

0.0408

L E

22.3 .

22.1

21. 8
21.6

Log €
1.07
1.07.
1.06

1.06

Log €
1,26
1.25
1.25
1.25

Log ¢

1.35..
1.34.
1.34

1.33

0.069

0.074
0.077

0.080

0.070
0.078
0.083

0.088

0.125
0.130
0.135

0.140
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Chelsea (Lab Prepared), 2.3% M.C.

£ B G € Log € @

250 0.0128  0.0010 4.19  0.622 0.010
300 0.0161 0.0014  4.13 0.616 0.012
350  0.0200 0.0018 4.10 0.613 0.013
450 0.0310 0.0031 4.05 0.607  0.014

Chelsea (Lab Prepared), 4.0% M,C.

£ B G € " Log € | a
250 0.0136 0.0009 4.77 0.679 0.009
300 0.0173 0.0013 4,75 0.677 - 0.0105
350 0.0217 0.0019 4.72 0.67; 0.013

450 0.0347 0.0035 4.68 0.671 0.014

Chelsea (Lab Prepared), 5.4% M.C.

£ . . G £ Log € o

250 0.,0142  0.0016 5.19  0.715 0.015
300 0.0182 0.0020 5.16 0.713 0.0165
350  0.0229 0.0029 5.15 0.712 0.019

450 0.0372 6.0054 5.11 0.708 0.020



[ SI-PURE UL PREPEE VRSP RSP R

250

300

350
450

250
300
350
450

- 250

350

300

430
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Chelsea {Lab Prepared), 7.0% M.C.

B
0.0159
0.0204
0.0261

' 0.0447

G
0.0021
0.0030
6.0045
0.0106

E‘“

6.34

6.25
6.22
6.19

Log €

0.802
.0.796

0,794

0.792

Chelsea (Lab Preparedf, 8.6% M.C,

B
0.0l64
0.0212
0.0274

0.0491

G
0.0025
0.0633
0.0045

0.0107

€
6.61
6.61

Log E
0.820

0.820 -
0,820

0.824

Chelsea (Lab Prepared), 9.1% M.C.

B
0.0177
0.0231

. 0.0300
0.0542

G
0.0039

0.0053

0.0074
0.0186

€
7.50
7.46

7.43

7.41

Log ¢
0.875
0.873

-0.871

0.870

0.019

0.023
0.027
0.031

0.022
0.024
0.026
0.028

0.034
0.037
0.039
0.041
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Chelsea (Lab Prepared), 10.1% M.C.

£ B G €  Loge o
250  0.0185 0.0045 7.99 | 0.903 0.038
300 0.0242 0.0059 7,94 0.900  0.040
350  0.0318 0.0084 7.94 0.900 0.042

450  0.0603 0.0226 7.96 . 0.901 0.043



250

300

350

450

250

- 300

350
450

250
300
350
450
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Crider (Lab Prepared), 14.5% M.C.

4.41

B G €’ Log €
0.0130 0.0031 4,37 0.640
0.0163 0.0035 4,25 0.628
0.0197 0.0069 4.17 0.620

0.0290 0.0130 4.07 0.610
Crider iLab Prepare&)ﬁ 16.0% M.C.

B G € | Log €
0.0133 0.0062 4.69 0.671
0.0164 0.0083 4.56 0.659
0.0201 0.0099 4.48 0.653
0.0287 0.0179 4,36 0.640

*crider (Lab Prepared), 17.0% M.C.

B | Gk (] Log ¢
0.0128 0.0125 4.76 0.678
0.0152 0.0155 4.68 0.670
0.0171 0.0194 4.52 10.655
0.0195 0.0299

D.644

0.030
0.030
0.050

0.060

0.060
0.070
0.070

0.080

0.120
0.130
0.140

0.150




- 250

300
350
450

250
300

350

450

250

300

350
450
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Crider (Lab Prepared), 18.6% M.C.

Log ¢

B G €
0.0141 0.0107 5.48 0.739
0.0169 0.0137 5,31 0.725
0.0203 0.0164 5.20 0.716
0.0262 0.0284 5.07 0.705

Crider (Lab Prepared), 21.6% M.C.

B G £ ‘Log €
0.0146 0.0120 5.95 0.775
0.0176 0.0154 5.83 0.766

' 0.0204 0.0202 5.73 0.758
0.0241 0.0346 5,62 0.750

*Crider (Lab Prepafed), 22,5% M.C.

B G | € .Loge
0.0157 0.0174 7.24 0.860
0.0182 0.0221 7.05. 0.848
0.0207 0.0272 6.93 0.841
0.0185 0.0455 6.76

0.831

0.100

0.110

0.110
0.120

0,110

0.120
0.130

0,140

0.150
0.160
0.150
0.170



250
300
350
4s0

250

- 300

350

450

250
300

350

450

B

' 0.0185
10,0227

0.0267

0.0284

B

0.0192

0.0237

0.0280

0.0286

B

0.0196

0.0232
0.0257

G £ Log. €

0.0134 8.55 0.932

0.0181 8.29 0.919

6.6255 8,14 0.911

0.0516 7.94 0.899
Crider (Lab Prepared), 26.5% M.C.

G ‘g- Log ¢

0.0143. 8.99 0.954

0.0187 8.75 0.942

0.0267 B8.61. 0.935,

0.0561 8,41 0.925
*Crider (Lab Prepared),‘27.4%>M.C.

G e Log €

0.0180 9.59 0.982

0.0242 9.31 0.969

© 0.0336 9.14 0.961

0.0627 9.02 0.955

0.0120

n
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Crider (Lab Preggrea),,ZS.ﬁ% M.C.

0.110
0.120
0.130
0.140

0.115
0.120
0.130

0.140

0.140

0.150

. 0.160

0.180




250
300

350

- 450

230
300
350

450

- 250
© 300
350
450

B
0.0219
0.0258

- 0.0276

0.0085

B

0.0234
0.0285

0.0303

-0.0092

B
0.0298
1 0.0374

0.0442
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Crider {(Lab Prepared), 29.2% M.C.

G € Log €
0.0207 1.1 1.04
0.0287 10.8 1.03
0.0413 10.7 1.03,
0.0759 10. 4 1.02
*Crider (Lab Prepared), 30;6% M.C.
G € "Log €
0.0216 12.1 1.08
0.0313 12.0 1.08,
0.0476 12.0. 1.08
0.0843 12.0 1.08
Crider (Lab Prgpared) 32.0% M.C.
G‘ £ Log €
0.0216 15.0 1.17
0.0341 14.6 1.16
0.0555 '14.4 1.15°
0.106 14,1 1.15 .

-0.0305

0.150
0.160
0.170

0.150
0.160
@.170

0.180

0.130
0.140
0.140
0.150



250
300
350

450

250
300
350
450

250 -

300
350
450

Crider (Lab Prepared), 34.4% M.C.

B
0.0318
0.0373

0.0307

-0.0512

G
0.0291
0.0463
0.0756
0.0822

€
16.8
16.3
16,0
15.6

Log e‘
1.22
1.21
1.20
1.19

*Crider (Lab Prepared), 36.4% M.C.

B
0.0354
0L0398
0.0211

-0.0619

G

'0.0345
0.0576

0.0938
0.0614

E
18.9
18.4

- 18.1

17.7

Log €
1.27
1.26
1.25
1.25

Crider (Lab Prepared), 36.4% M.C.

B
0.0421
0.0476

. 0.0193
=0.0697

G
0.0376

0.0688

0.119
0.0491

3

21.4,
20.8
20,4

19.9

Log €
1.33
" 1.31
1.31
1,30

0.160

0.170
0.180
0.180

0.170
0.180
0.190
0.200

0.160
0.170
0.170
0.190



250
300

350

450

Crider (Lab Prepared), 40.0% M.C.

B
1 0.0513
0.0549
-0.0227

-0.0726

G
0.0465
0.0956
0.149.

0.0313

€
25.0
24.3

23.8
23.4

 Log €

1.39
1.38
1.37
1.37

0.160
0.165
0.166
0.170
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Crosby (Field, 18"), 14,0% M.C.

£ B G e - Log ¢ - a
250 0.0139 £ 0.0074 5.13  0.710 0.070
1300 0.0171 0.0098  5.04 0.702  0.080
350  0.0209 0.0122  4.98 0.697 0.083

450 0.0299 - 0.0221 4,91 0.691 0.091

Crosby (Field, 18"), 16.0% M.cC.

f B G e ~Log € g
250  0.0173 0.0063 = ' 7,33 0.865 0.055
300 0.0221 ~0.0092 7.23 0.859 0.065
350 . 0.0279 - 0,0132 7.18 0.856 0,072
450  0.0445 ~0.0299 7,08 - 0,850 0.077

Crosby (Field, 18"), 19.8% M,C.

£ B G € Log € g
250  0.0198 0.0113  9.12 0.960 0.090
300  0.0249  0.0158 8.91 0.950 0.100

350 0.0312 0.0223 8.81 0.945 -0.104
450 0.0406 - 0,0553 8.71 0.940 0.113

TR - T - - P e T



250
300
350
450

250

300

350

450

250
300
350
450
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" Crosby (Field, 18"), 21.2% M.C.

B G £ Leg €
0.0236 0.0146 11.4 1.06
0.0305 0.0214 11.3. 1.05
0.0377 0.0339 - 11.2 1.05
0.0255 0.0922 11.1 1.04

Crosby (Field, 18%), 24% M.C.

B 6 € Log €
0.0323 0.0231 16.2 1.21
0.0412 0.0380 15.9 1.20
0.0464 0.0664 15.7 1.19

~0.0524 0.0998 15.4 1.18
Crosby (Field, 18"), 25.8% M.C.

B G . e Log €
0.0370 . 0.0294 18,7 1,27
0.0474 0.0514 - 1B.6 1.27,
0.0404 0.0976 18.4 1.26

~0.0751

0.0671 18.3° 1.26"

O.iOS
0.113
0.122
0.129

0.130
0.140
0.143

0.151

0.145

- 0.151

0.155
0.160
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Crosby (Field, 18"), 26.8% M.C.

£ B G . e . Log € o

250  0.0377 0.0327 19.4 "1.28 0.156
300  0.0463 0.0573 - 19.3 1.28  0.162
350  0.0312 0.204  19.0. © 1.28 0.166

450 =0.0717 0.0595 18.8° . 1.27 0.175
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APPENDIX II

DESCRIPTION OF SOME SOILS USED IN THIS INVESTIGATION

Chelsea

Chelsea is a moderately dark colored soil which is deep
and well-drained. The surface of the soil (where samples for
this investigafioq were collected) is dark brqwn, while thé
subsoil is yellowish red ﬁd reddish brown. The soil is more
than 80% sand and contains very little organic matter. The
wilting point moisture for the samples used in this investi-

gation was 2,2%.

Crider

Where it occurs, Crider is a deep well-drained; gently
sloping seoil. Its surface layer consists of dark brown Silt
loam while ﬁhe subsurface (where samples for this investi-
gation were obtained) is silty clay or clay whicp is red.
Crider contains between 27% and 40% clay. The wilting point

of the samples used in this investigation was 18.5%.

Crosby

‘Crosby developed under hardwood forests and occurs on

nearly level ground. It is somewhat poorly drained and dark
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in color. On the surface there isra layer Bf silt lcam and
bel&w that is brown silt loam (where saﬁples for this in-
véstigation were kaken). The subsoil consists of thick jel—
lowish brown_sii;y clay loam. Tﬁé wilting point for samples
used in this investigatfon‘was 143,

Miami occurs in upland tills and moraines on sloping
ground. It is well-drained, deep, and moderately dark in
color. The soil is predominately silt, more than 66%. In
the subsoil, however, both sand and‘clay content increase

somewhat. The moisture wilting point for the samples used

in this' investigation was B8.8%.




APPENDIX III

ANALYSIS OF SAMPLE HOLDER-SQIL EQUIVALENT CIRCUIT

The circuit is shown in Figure A-l1, The impedance of
" this circuit is 

Rl ‘ R2

jwcl Jmczy

1 1 + R
. 1 .
JwCl ]wC2

]
+

1+ jmclRl 1+ ij2R2 :

. 2 : 2

_ Ry - JuGRyT Ry - JuCyR,

A-2 z12 - 2 2p 2 + 2., 2p 2
1+ w,C; Rl 1+ C2 R2
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= Electrode resistance

» jCI
Ry < —J_Cz
|

c, =

R, =

Electrode capacitance |

Sample resistance

Cz2 =. Sample capacitance

R = Measured resistance

Figure A-1.

Measured capacitance

Sample Soil Holder Circuit.




20 2q 2 2 2p 2
a3 2 _ Rl(l + W C2 R2 Y + R2(1 + w C1 Rl )
12 2. 21 2y 2m 2p 2 -
(1 +w C,“Ry Y(l + w c, R, )

2 2 z
Jw[ClR1 (1L + C2 2 ) + CyR,° 2(1 + w Cy }1

2 ‘ 2g 2
(1 + w Cl 1 (L + w C2 R, )

R - jwCR?
1 + w?r?c?

A-4 2 =

. 2 2 2
s R ) R {1l + w C2 R ) + R L+ C1 1 )

2p2pm2 , 2p 2 2.~ 29 2
l + w*R*C (1 + w Cl Rl')(l + w C2 Rz )

Equating the imaginary part of Z to the imaginary part of 212

2 2 2p 2 2y
A cr? _CR 4 TG TR+ R 4 wic TRy )

1 + wr?c? (L + w c1 Rlz)(l + m’czzazz)

From A-5

2 2
R(L + 0?C; 2R %) (1 + w?C,2R,%)

A-7 l + RC =

2 2 2
R, (1 + o c2 R, } + R, (1L + 9 cl 1 )
Substituting into A-6
1‘12(1 + 020, R + R + o cl Ry ?)

A-8 RC =
Ryl + czzk z) + Ry(1 +w c z)
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Substituting into‘A-S

‘ 2
2 2 2 2 2 2
R, 21 +w c2 R, ) + C,R, (1 + w?cC Ry )

2 2
R2 ) + R2(l + W ;1

1
25 2
R, %)

A-9 R = {; + !
: Rl(l + w C2

25 2
1 Bp7)

(1 + wiC,y%R ) (1 + wiCi?R )

‘ A 2 2p 2 2
. [ R1(1‘+ w*C,y R2 ) + R2(1‘+ wee

Simplifying
A-10 R =

2 ¢y 2pg 2, 2 2 2 '
R, (1l + w R,°C, )+ 2R R, (l + w c R,C, 2) + R, (1 + W cl 1 )

2.~ 2 .
C2 ) +‘R2(1 + w?c

2
Rl (L + w R2 1 Rl )

- RC _
2 2 025 2y 4 2 - Iz 2p 2y
ClRl {(l + w C2 R ) + C2R2 (1 + w Cl Rl )
2 2. 2 2. 295 2
Ry (1 + w*R c, ) + 23132(1 +w c1 1c2 2) + R, (1 +w C,“Ry )
2 2y 2 ' 2 ; 2 2 :
Al2 C = ClC2 w? +(C Rl +C2R2 )+C1C2(Rl+ RZ/[CICZ(C1+C2) Rl RZ
‘ - 2 2 2o .25 2 '
C +_c w? + (Rl + Rz) /[(Cl + cz)vR1 R, )
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2 2 ‘z 2 é
A_IBh . RyR, (C; + C,) wt o+ (Ry +R))Y(C; + Cu) *R,°R, %]

2 . 2 2 ‘ 2 2
R,C; % + RyC,Y o +. (Rl +R2)/[R1?{2(R2C2 + R Gy )]

The final results are

C R + C2R2
W+
C.C. ey + ¢, )R, 2
A-14 C 12 . 12 "2
c, + C (R, + R,)
O et T
(c1 + cz) R, °R,
(R + Ry y2
_ ‘ w? +
R,R,(C, + C,)? (c, + C,}2R
Acls R = -1 22 1 2z 1 2V R PRY?
RiC1” * RyG, w2 Rp + Ry
' 2
R)R, (RyCy* + R Cy?)






